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Classification of complex projective towers up to dimension 8 and 

cohomological rigidity 

Shintaro KUROKI and DongYoup SUH 

Abstract. A complex projective tower or simply a CP-tower is an iterated complex projective 
fibrations starting from a point. In this paper we classify all 6-dimcnsional CP-towers up to 
diffcomorphism, and as a consequence, wc show that all such manifolds are cohomologically rigid, 
i.e., they are completely determined up to diffcomorphism by their cohomology rings. We also 
show that cohomological rigidity is not valid for 8-dimensional CP-towers by classifying some 
CP -fibrations over CP up to diffcomorphism. As a corollary we show that such CP-towers 
arc diffcomorphic if they are homotopy equivalent. 
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1. Introduction 

A complex projective tower (or simply a CP-tower) of height m is a sequence of complex 
projective fibrations 



(1.1) 



C 7) 



Or, 



C\ s- Co = {a point} 



where Ci = P(£i_i) is the projectivization of a complex vector bundle £,;_! over Cj_i. It is also 
called an m-stage CP-tower. We call each Ci the ith stage of the tower. Hence a CP-tower is an 
iterated complex projective bundles starting from a point. 

The CP-towers contain many interesting classes of manifolds. For example, if each complex 
vector bundle £j is a Whitney sum of complex line bundles, such CP-tower is a generalized Bott 
tower, introduced in [CMSIO] . If each £j is a sum of two complex line bundles, then it is a Bott 
tower, introduced in |BoSa| (also see [GrKaj ). In particular, Hirzebruch surfaces are nothing 
but 2-stagc Bott towers. Moreover, flag manifolds of type A, i.e., U(n + 1)/T" +1 = Fi{C n+l ), 
and type C, i.e., Sp(n)/T n have n,-stage CP-tower structures, see Example 12.31 and 12.41 and the 



Milnor surface Hy C CP' x CP 3 has a structure of 2-stage CP-tower, see Example 12.6 



Both authors were supported in part by the National Research Foundation of Korca(NRF) grant funded by the 
Korea government(MEST)(No. 2011-0001181). The first author is partially supported by the JSPS Institutional 
Program for Young Researcher Overseas Visits " Promoting international young researchers in mathematics and 
mathematical sciences led by OCAMI " . 
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It is well known that there are only two diffeomorphism types of Hirzcbruch surfaces, namely, 
CP 1 x CP 1 and CP 2 #CP 2 , and their cohomology rings arc not isomorphic. Hence, Hirzebruch 
surfaces are classified up to diffeomorphism by their cohomology rings. One might ask whether 
the same is true for Bott towers or generalized Bott towers. Namely, the cohomological rigidity 
question for (generalized) Bott towers asks whether the diffeomorphism classes of (generalized) 
Bott towers are determined by their cohomology rings. There are some partial affirmative answers 
to the question in [CMSlOl ICPSl IMaPaj , and we refer the reader to [CMSll] for the summary 
of the most recent developments about the question. In particular, the class of m-stage Bott 
towers for to < 4 ( |Chj and jCMSld] ) and the class of 2-stage generalized Bott towers [CMS 10 
are cohomologically rigid, i.e., their diffeomorphism types are determined by their cohomology 
rings. 

Since the (generalized) Bott tower is a special kind of CP-towcrs, one might ask the coho- 
mological rigidity question for CP-towers. On the other hand, if one note that the cohomology 
ring of a projective bundle P(£) is determined by the cohomology ring of the base space of P(£) 
and the Chern classes of the complex bundle £ (see (|2.ip ). then the expectation for the affirmative 
answer to the question can not be high, because complex vector bundles are not classified by their 
Chern classes in general. Therefore, it might be interesting to determine whether cohomological 
rigidity indeed fails to hold for CP-towers, and if so, exactly in what dimension, does it fail? In 
this paper, we answer these questions by complete classification of CP-towers up to dimension 6, 
and some special 2-stage CP-towers of dimension 8. 

We now describe our classification results. Note that the only 2-dimcnsional CP-towcr is CP 1 . 
Any 4-dimensional CP-tower is either CP 2 or a 2-stagc CP-towcr which is in fact nothing but a 
Hirzcbruch surface. So they are either Ho := CP 1 x CP 1 or Hi := CP 2 ffCP 2 . For 6-dimensional 
CP-towers, we have to consider one-stage CP-tower which is CP 3 , two-stage CP-towers, and 
three-stage CP-towers separately. For 2-stage 6-dimensional CP-towers, there are two cases; the 
cases when the first stages are C\ = CP 1 and C x = CP 2 . When d = CP 1 , then C 2 = P(£) 
where £ is a sum of three line bundles. Therefore, C 2 must be a 2-stage generalized Bott tower, 
which is completely determined in (C MS10"] . In fact, there are only three diffeomorphism types 
P(7i © e ffi e) — >• CP 1 for k = 0, I, 2, where 71 is the tautological line bundle over CP 1 . 

For 2-stage 6-dimcnsional CP-towers with C\ = CP 2 , the second stage C 2 = P(£), where 
£ is a rank 2-complex vector bundle over CP 2 , which is determined by its Chern classes c\ E 
H 2 (CP 2 ) ~ Z and c 2 € P 4 (CP 2 ) ~ Z. It is proved that the diffeomorphism types of such 
CP-towcrs arc P(r]^ a) ) -> CP 2 and P(rj iha) ) -► CP 2 for a G P 4 (CP 2 ) ~ Z, where r? (S]Q ,) is a 
C-vector bundle over CP 2 whose Chern classes are (01,02) = (s,a). 

For 3-stage CP-towers C3 — > C 2 — >• C\, there are two cases, i.e., when C 2 = Hq = CP 1 x CP 1 
and C 2 = Hi — CP 2 #CP 2 . Then C3 = P(£) where £ is a complex 2-dimensional vector bundle 
over C<x. Again, it is proved in Lemma [4.11 that £ is classified by its Chern classes ci and c 2 . Let 
7?(s,-r,a) (resp. £,( s . r , a )) be the complex 2-dimensional bundle over CP 1 x CP 1 (rcsp. CP 2 #CP 2 ) 
whose first Chern class ci(r7( S]na )) = (s,r) £ iP^CP 1 x CP 1 ) ~ Z0Z (resp. Ci(£( SiT%a )) = 
(s,r) e P 2 (CP 2 #CP 2 )) and the second Chern class c 2 (j7( s , r ,„)) = a e P^CP 1 x CP 1 ) ~ Z (resp. 
c 2(£(s.r,a)) = a G H (CP 2 #CP 2 )). Then, it is proved that all diffeomorphism types of 3-stage 
CP-towers are P(C( s ,r,a)) -^ Po and P(£,( s , r .a)) -> ffi for a e Z and (s,r) = (0,0), (1,0) or (1,1). 

We thus have the following classification result of 6-dimensional CP-towers. 

Theorem 1.1. Any 6-dimensional CP-tower is diffeomorphic to one of the following distinct 
manifolds: 

CP 3 ; 

P(7f 8 e 9 e) -> CP 1 for k = 0, 1, 2; 
P(r, { o. a) )^CP 2 for a eZ\{0}; 
P(V( ha) ) ^ CP 2 for a E Z; 
P(C(o,o,q)) -> H Q for a £ Z> ; 

• P(C(i,o.q)) -> Po for a £ Z> ; 

• P(C(i,i, a ))^H foraeN; 



• 


-P(£(0,0,a 


))" 


>fl- X 


/or a 


GN; 


• 


-P(£(l,0,a 


))" 


+ #1 


/or a 


gZ >0 ; 


• 


-P(£(l,l,a 


))"►#! 


/or a 


e Z, 



where H$ := CP 1 x CF 1 , Pi := CP^CP 2 , and the symbols N, Z>o and Z represent natural 
numbers, non-negative integers and integers, respectively. 

Since the cohomology rings of the manifolds in Theorem 1 1 . 1 1 are not mutually isomorphic, we 
have the following corollary on cohomological rigidity of CP-towcrs. 

COROLLARY 1.2. Let Mi and M 2 be two CP-towers of dimension less than or equal to 6. 
Then, M\ and M 2 are diffeomorphic if and only if their cohomology rings H*(M\) and H*{Mi) 
are isomorphic. 

This corollary is a generalization of the cohomological rigidity theorem for Bott manifolds up 
to dimension less than or equal to 6 proved in JCMSIO] , Note that cohomology ring does not 
determine the tower structure of CP-tower. For example, the trivial CP 2 -bundle over CP 1 , i.e., 
P(7i ©e©e) and the trivial CP^bundle over CP 2 , i.e., P(?7(o,o)) are diffeomorphic to CP 2 x CP 1 . 
However, they are not equivalent as a fibre bundle. Namely, their tower structures are different. 

For Bott manifolds of dimension 8 cohomological rigidity theorem is also proved to be true by 
Choi in jCh] . However, it is not the case for CP-towers. Namely, we classify some special class 
of 8-dimensional 2 stage CP-towers C^ — > C\ when C\ — CP 3 . In this case C% = P(£) where £ is 
a complex 2-dimcnsional vector bundle over CP 3 . By the result of Atiyah and Rees [AtRej . any 
complex 2-dimcnsional vector bundle £ over CP 3 is determined by its first and the second Chcrn 
classes c\ and C2 and an invariant a G Z2 which is when c\ is odd. Let ??( a ,ci,c 2 ) be the complex 
2-dimensional vector bundle with the given invariants a, c\ and c-i. Then we have the following 
classification theorem of P(^( a ,ci,c 2 ))- 

Theorem 1.3. Let M = P(?7( Q . CliC2 )) be the projectivization of a 2-dimensional complex vector 
bundle r)( aClC2 j over CP 3 . Then the following holds: 

• if c i = 1 (mod 2), then M is diffeomorphic to 

- N(t) = P(7?(0,l,t)) 

where t — c 2 :L r— G Z; 

• if c\ = (mod 2) and \ 2 ^ ^ where u = C2 - j £ Z, then M is diffeomorphic to 
one of the following distinct manifolds: 

- M (u) = P(j7(o,o,«)); 

- M 1 (u)=P(r/ (lj0i „ ) ). 

By the Borel-Hirzebruch formula ([2J]), we have H*(M (u)) ~ H*(M x {u)), while M (u) is not 
diffeomorphic to M\{u) if ^ € Z. For example, if u = then there are just the following two 
cases: the trivial bundle Mq(Q) ~ CP 1 x CP 3 , and the non-trivial bundle Mi(0). This proves that 
8-dimensional CP-towers are not cohomologically rigid. 

On the other hand, we prove that ttq(Mq(u)) ^ ttq(Mi(u)) if ^ € Z in Proposition 15.81 
Therefore, we have the following rigidity result. 

Corollary 1.4. Let C\ be the set of P(??( Q . Cl ,c 2 )) w ith c\ = 1 (mod 2), and C 2 be the set of 
P(V(a,c 1 ,c 2 )) with c\ = (mod 2) and 12 G Z where u = c 2 — %■ Then the following holds: 

• C\ satisfies cohomological rigidity, i.e., Mi, Mi G C\ are diffeomorphic if and only if their 
cohomology rings are isomorphic; 

• C2 satisfies homotopical rigidity, i.e., Mi, M2 G C2 are diffeomorphic if and only if they 
are nomotopic. 

The organization of this paper is as follows. In Section [21 we prepare some basics and some 
examples. In Section [3l we classify 6-dimensional CP-towers with height 2 up to diffcomorphism. 
In Section [4] we classify 6-dimensional CP-towers with height 3. Theorem 11.11 is proved as a 
consequence of the classification. In Section [5j we classify the projectivizations of 2-dimensional 
complex vector bundles over CP 3 , and Theorem II .31 is proved. 
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2. Some preliminaries 

In this section, we prepare some basic facts which will be used in later sections. Let £ be 
an n-dimensional complex vector bundle over a topological space X, and let P(£) denote its 
projectivization. Then the Borel-Hirzebruch formula in jBoHij says 

n 

(2.i) ff*(P(0;Z) - H*{x--L)[x]/{x n+1 + J2(^Y^*0x n+1 ~ l ) 

where 7r*£ is the pull-back of £ along it : P(£) — ► X and Ci(-7r*£) is the zth Chcrn class of 7r*£. Here 
x can be viewed as the first Chern class of the canonical line bundle over P(£), i.e., the complex 
1-dimcnsional sub-bundle 7^ in 7r*£ — > P(£) such that the restriction 7^| 7r -i( a ) is the canonical line 
bundle over 7r _1 (a) = CP™ for all a £ X. Therefore degx = 2. Since it is well-known that the 
induced homomorphism n* : H*{X\1i) — > H*(P(£);Z) is injective, we often confuse Ci(ir*!;) with 

We apply the formula (|2.1[) to an m-stage CP-tower 

C m - > C m -i — — s ^ C\ — ^- C = {a point} 

with Ci = P(^j_i), to get the following isomorphisms. 

Tim 

H*(C m ;Z) ~ F*(C m _ 1 ;Z)[x m ]/(xr +1 +£(-l) i Ci(^_i)xr +1_i ) 

4=1 

~ ff*(C m _ 2 ;Z)[ a;m _ 1 ,a ;m ]/(a ; ^ +1 +X;(-l) i c i (e fe )^ +1 - i | fc = m - 1, m) 

i=l 



(2.2) ~ Z[x 1 ,...,x m ]/(x^ +1 +^(-l)^(a)4! fc+1 -Mfc = l,---,^)- 



In order to prove the main theorem, we often use the following lemmas. 

Lemma 2.1. Let 7 be any line bundle over M , and let P(£) be the projectivization of a complex 
vector bundle £ over M. Then, P(£) is diffeomorphic to P(£<8>7)- 

Proof. By the definition of the projectivization of a complex vector bundle, the statement 
follows immediately. □ 

Lemma 2.2. Let 7 be a complex line bundle, and let £ be a 2- dimensional complex vector 
bundle over a manifold M . Then the Chern classes of the tensor product £ <g) 7 are as follows. 

ci(£®7)=ci(0+2 Cl ( 7 ); 

c 2 (£ <g> 7) = ci( 7 ) 2 + ci( 7 )ci(0 + c 2 (£). 

Proof. Let us consider the following pull-back diagram: 

7T*£ ® 7T*7 >■ £ ® 7 



P(£ <8> 7) — >■ M 

Let 93 : P(£ <8) 7) — > P(£) be the diffcomorphism from Lemma T2. 11 and let 7T£ : P(£) — > M be the 
projection of the fibration. Then we can see easily that ir = tt^ o ip. Taking the canonical line 
bundle 75 in 7r?£, we may regard 7r?£ = 7^ © 7^, where 7^ is the normal (line) bundle of 7^ in 
7r|£. By using the decomposition tt ~ tt^ o ip, we have the following equation: 

7T*c(£(g>7) = c((/3*7£ ® 7T*(7))c((^*7 ? <E)7T*(7)) 

= (1 + V3*Cl(7 ? ) + 7T*Cl(7))(l + <y9*Cl(7? L ) + 7T*Cl(7)). 



Because 7r*ci(£) = ip*ci(j^) + Lp*ci(^^-) and w* 02(f) = ip* 01(7^) <^*Ci (7^), we have 
7r*ci(f<8>7) = 7r*ci(0+27r*ci(7)i 



7T*C 2 (C®7) = 7T*C 2 (C) +7T*Cl(f)7T*Cl(7) +7T*Cl(7) 2 . 

As is well-known, it* : H*(M) — \ H*(P(£ <£> 7)) is injectivc. Hence we have the formula in the 
lemma. □ 

We now give two examples of CP-towers. 

Example 2.3. The flag manifold J7(C n+1 ) = {{0} cViC---CV n C C" +1 }, called type A, 
is well-known to be diffcomorphic to the homogeneous space U(n + 1)/T n+1 (= SU(n + 1)/T n ). 
We will show that the flag manifold U(n + 1)/T n+1 is a CP-tower with height n. Recall that if M 
is a smooth manifold with free K action and H is a subgroup of K, then we have a diffcomorphism 
M/H S M x K (K/H). Also recall that CP" S P(n + 1)/(T 1 x C/(n)). By using these facts, it is 
easy to check that there is the following CP-tower structure of height n in U(n + 1)/T n+1 : 

U(n + 1) x (T i xC ;( n )) (U(n) x^i^^!)) (U(n- 1) x (T i x[7( „_ 2)) ■ ■ • (P(3) x (T i x[/(2)) CP 1 )---) 

I 

I 
J7(n + 1) x (r i x t/(„)) (U(n) x (T i x c/(„_i)) CP" -2 ) 

I 

f/^+llx^xi/WjCP"- 1 

I 

CP", 

where the /7(fc) action on CP k ~ 1 in each stage is induced from the usual U(k) action on C k . 

Example 2.4. The flag manifold of type C is defined by the homogeneous space Sp(n)/T n . We 
claim that Sp(n)/T n is a CP-tower with height n. It is well known that Sp{n)/(T l x Sp(n — 1)) = 
£4n-i/ T i c* CP 2 "" 1 , because Sp(n)/Sp(n - 1) = S* 4 "- 1 . By using this fact and the method 
similar to that demonstrated in Example 12.31 it is easy to check that there is the following CP- 
tower structure of height n in Sp(n)/T n : 

Sp(n) X( T ixSp(n-i)) (Sp{n- 1) X( T i x5 p(„_ 2)) • • • (Sp(2) x (T i xSp (i)) CP 1 )---) 

I 

I 
Sp(n) X( T i x Sp(n-i)) (Sp(n- 1) x (T i xSp( „_ 2) ) CP 2 " -5 ) 

I 

%«)X(Tix5 P (n-l))CP 2n - 3 

I 

CP 2 "" 1 , 

where the Sp(fc)-action on CP 2fc_1 in each stage is induced from the Sp(fc)-action on C 2/c (~ H fc ) 
induced by the following representation to U(2k): 

Here A, P e M(fc; C) satisfy AA + BB = I k and 5,4 - AB = O. 

Remark 2.5. By computing the generators of flag manifolds of other types (P„ (n > 3), D n 
(n > 4), G 2 , P4, E e , E7, Eg), they do not admit the structure of CP-towers, see |Bo) (or [FIMj 
for classical types). 



Example 2.6. The Milnor hypersurface H it j C CP ? x CP- 7 , 1 < i < j is defined by the 
following equation (see [BuPal Example 5.39]): 

i 

Hu = {[z : • • • : Zi] x K : • • • : Wj] E CP l x CP j | ^ z q w q = 0}. 

We can show easily that the natural projection onto the first coordinate of Hi j gives the structure 
of a CP J_1 -bundle over CP\ Moreover, by the proof in [BuPal Theorem 5.39], this bundle may 
be regarded as the projectivization of r y ± C e 7 " 1 " 1 , where e^ +1 is the trivial C J+1 -bundle over CP 1 
and 7 -1 " is the normal bundle of the canonical line bundle 7 over CP* in e J+1 . Therefore, the 
Milnor hypersurface admits the structure of a CP-tower with height 2. 

Remark 2.7. As is well-known, both of the flag manifold U(n + l)/T n+1 (and Sp(n)/T n ) 
with n > 2 and the Milnor hypersurface P;j with i > 2 do not admit the structure of a toric 
manifold (see e.g. jBuPaJ K On the other hand, U(2)/T 2 S S"p(l)/T 1 S CP 1 and H hj -» CP 1 
are toric manifolds. 

3. 6-dimensional CP-towers of height 2 

Let M be a 6-dimensional CP- tower. Then, the height of M is at most 3. If its height is one, 
then M is diffeomorphic to CP 3 . Therefore, it is enough to analyze the case when the height is 2 
and 3. In this section, we focus on the classification of 6-dimensional CP-towers of height 2. 

To state the main theorem of this section, we first set up some notation. Let A^2 be the set of 
all 6-dimcnsional CP-towers of height 2, up to diffcomorphisms. Let 7$ denote the tautological line 
bundle over CP Z , and let x denote the generator —01(72) G P 2 (CP 2 ). Let T]( s ,a) as the complex 
2-dimensional vector bundle over CP 2 whose total Chern class is 1 + sx + ax 2 for s, a € Z, let 
P( 7 7(s,q)) be its projectivization. We now state the main theorem of this section. 

Theorem 3.1. The set M.\ consists of the following distinct CP-towers. 

P(7i©e©e)^CP 1 ; 

P(7i © e © e) — > CP 1 , where jf = 71 ® 71; 
P(V(o,a)) — > CP 2 for q£Z; 
P(V( m )^CP 2 for (3eZ. 

PROOF. Take M e M\. Then the first stage d of M is cither CP 1 or CP 2 . We treat these 
two cases separately below. 

CASE I: C\ = CP 1 . Note that any complex vector bundles over CP 1 decomposes into a 
Whitney sum of line bundles. Therefore a CP-tower M E M\ with C\ — CP 1 is a 2-stagc 
generalized Bott tower, and such Bott towers are completely classified in [CMSIO] , (See also 
|CPS| .) Due to the cited result, we have the following proposition. 

Proposition 3.2. Let M e M% be a generalized Bot manifold with C\ = CP 1 . Then M is 
diffeomorphic to one of the following three distinct manifolds: 

P(7? © e 8 e) = CP 1 x CP 2 , where 7? = e; 
P(7i ffieffie); 
P(7i @e@e). 

CASE II: d = CP 2 . Because dim ill = 6 and C x = CP 2 , the bundle E l -> C x is a 
complex 2-dimensional vector bundle. Such vector bundles are determined by their Chern classes 
c\ and C2 (see [Shi ISwj ]). Hence, by Lemmas |2 . 1 1 and l2~2l we may denote E\ by r\( s ,a) such that 
c i{V(s,a)) = sx f° r s = 0, 1 and C2(??( SlQ: )) = ax 2 £ H A (CP 2 ) for a € Z. In Case II, we have the 
following classification result. 

Proposition 3.3. The following are equivalent for s\, s 2 £ {0, 1} and a\, a 2 € Z. 
(1) (si,ai) = (s 2 ,a 2 ). 
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(2) Two manifolds P(jlf ai ai )) and P(i]t S2 . a2 )) are diffcomorphic. 

(3) Two cohomology rings Pt*{P(i](s 1 ,a 1 ))) an d H*(P(j]( S2a2 })) isomorphic. 

Theorem 13.11 follows from Proposition 13.21 and 13.31 □ 

It remains to prove Proposition 13.31 

Proof of Proposition 13.31 (1) => (2) and (2) => (3) are obvious. Wc now prove (3) =4- (1). 
We prove this by proving the three claims: (1) H*(P(r)( a ))) qk H*(P{r](\ p))) for every a, /3 e Z, 
(2) if ff*(P(r7 (0 , ai ))) ~ H*{P{r, {0 , a2) )) then ai = a 2 , and (3) if H*{P{ V{lM )) ~ 7J*(P(, ?(1A) )) 
then ySi = /3 2 . 

Claim 1: H*(P(r]^ >a ^)) qk i?*(P(r?(i jy g))) for every a, /3 G Z. By using the Borel-Hirzcbruch 
formula (|2.1|) . we have the following isomorphisms: 

#*(P(r7(o, a ))) - Z[X,r]/(X 3 ,y 2 + aX 2 ); 

H*(P( Vim )) ~ ZfcylAtfV + zy + jSz 2 ), 

where degX = dcgY" = dcgx = degy = 2. We write the Z-module structures of H*(P(rj^ ^)) 
and H*(P(r](i^)) by indicating their generators as follows: 

z © zx © zy © zx 2 ® zxy ® zx 2 y ; 

Z © Zx 8 Zy © Zx 2 ffl Zxy © Zx 2 y. 

If there exits a graded ring isomorphism / : H*(P(r/^ 0a ))) — > H*(P(r](i^)), then we may put 
f(X) — ax + 6y and /(Y") ~ ex + dy for some a, 6, c, d € Z such that 

(3.1) od-6c=±l. 
Because / preserves the ring structure, we have 

f(X 3 ) = (ax + by) 3 

= (3a 2 b - Sab 2 + b 3 - Pb 3 )x 2 y = 0; 

f(Y 2 + aX 2 ) = (ex + dyf + a(ax + by) 2 

= (c 2 + aa 2 - /3d 2 - a(3b 2 )x 2 + (2cd + 2aab - d 2 - ab 2 )xy = 0. 
This implies the following equations: 

(3.2) b(3a 2 - Sab + b 2 - fib 2 ) = 0; 

(3.3) c 2 + aa 2 - /3d 2 - a/36 2 = 0; 

(3.4) 2cd + 2aab - d 2 - ab 2 = 0. 

If b = 0, then 2c = d = ±1 by (|3.1[) and (|3.4p . But this contradicts to the fact that c is an integer 
(i.e., c e Z). Hence 6^0, and by (|3~2|) we have 3a 2 - 'Sab + b 2 - /3b 2 = 0. We also have the 
following commutative diagram of free Z-modules. 

ZX © ZY — ^ ZX 2 © ZXY , 



./' 



'/W ^„2 



/ 



Za; © Zy ^ Zx 2 © Zxy 

where the horizontal maps arc induced from the multiplication by X and f(X), respectively. Let 
us represent the linear map ■ f(X) = -(ax + by) : Zee © Zy — > Zx 2 © Zxy by the matrix 

' a -(3b 



A= , 

b a — b 

with respect to the generators. Note that -X : ZX © ZY — > ZX 2 © ZXY is an isomorphism. 
Therefore ■ f{X) is also an isomorphism, and hence 

(3.5) det A = a 2 - ab + f3b 2 = ±1. 

Because b ^ 0, it follows from (|3.2[) and (|3.5|) that we have 6 = ±1, /3 = 1 and a = or 
b. If a = b, then c = d or c = — d by (|3.3[) . However, it is easy to check that both of these 
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cases give contradictions to (|3.1|) and c,d E Z. Hence, a = 0. In this case, a = c 2 — d 2 by (|3.3p 
and a = 2cd — d 2 by (|3.4I) . Therefore we have c = or 2d However, both of these cases give 
contradictions to (|3.1[) and c,de Z. This establishes that there is no ring isomorphism between 
H*(P(r, i0 , a) )) and H*(P( V(1 ^)). 

Claim 2: If H*(P(n ( o !ai) )) ~ H*(P(r) {0 , a2 ))), then oi - a 2 . By JET), we have the 
isomorphisms 

H*(P(r, (0!ai) )) ~ Z[A,y]/(A 3 ,r 2 + ai A 2 ), and 

H*(P( V{ o, a2) )) =s Z^i/JA^.^ + aax 2 ). 

Assume that there exists an isomorphism / : H*(P(r](o iai \)) — > H*(P(rj^ 0a2 -j)) for some ai, a 2 £ 
Z, and let /(A) = ax+by and /(F) = cx + dy, so that ad— be = ±1. Because /(A 3 ) = (ax + by) 3 = 
0, we have that 

6(3a 2 - 6 2 a 2 ) = 0. 

Suppose 6 7^ 0. Then 3a 2 — 6 2 a 2 = 0. Because the map 

/ : ff 6 (P(77 (0 , Ql) )) = ZA 2 F — > Z.T 2 2y = ff 6 (P(r/ (0 , a2 ))), 

is an isomorphism, we have 

(3.6) f(X 2 Y) = (ax + by) 2 (cx + dy) = ±x 2 y. 

Using (|3.6[) and the ring structures, we have that 

a 2 d + 2abc - b 2 da 2 = ±1. 

Because 3a 2 — 6 2 a 2 = 0, we have —2a 2 d + 2abc = —2a(ad — be) = ±1. However, this gives a 
contradiction to a G Z, because ad — be — ±1. Hence, 6 = and ad = ±1; in particular, we have 
a, d = ±1. Then, we have the following equations: 

f(Y 2 + ai X 2 ) = {ex + dy) 2 + ai(ax + by) 2 

= (c 2 — «2 + ai)x 2 + 2cdxy = 

Therefore, we have that c = and ct± = a 2 . This proves the claim. 

Claim 3: If #*(P(?7 (1A) )) ~ P*(P(?7 (1A) )), then ft = ft. By ([23]), we have the isomor- 
phisms 

and 



*(P(V(i,M)) = 


- z[A,y]/(A 3 ,r 2 + Ar + ftA 2 


*(^(»/(l,/9 3 ))) : 


- Z[x,2/]/(.T 3 ,y 2 +.xy + /? 2 x 2 ). 



6(3a 2 -3a6+6 2 -6 2 ft) = 0; 




c 2 - d 2 ft + ac- bd(3 2 + a 2 pi - 6 2 ftft -- 


= 0; 


2cd -d 2 + ad + bc-bd + 2ft a6 - ft6 2 - 


= 



Assume that there exists an isomorphism / : H*(P(rjn^)) — > P*(P(?/(i i/ g 2 ))) for some ft, f3 2 E Z, 
and let f(X) = ax + by and f(Y) = ex + dy, so that ad — be = ±1. Because of the relations 
/(A 3 ) = (ax+by) 3 = and f (Y 2 + XY + ^X 2 ) = (cx+dy) 2 + (ax+by)(cx+dy)+l3 1 (ax+by) 2 = 0, 
we have that 

(3.7) 
(3.8) 
(3.9) 

We first assume 6 = 0. From the equation ad — be = ±1, we have a, d = ±1. Now plug 6 = 
and d = ±1 into (|3.9|) to get the equation 

2c + a = d = ±1. 

Together with a = ±1, this equation implies that cither c = and a = d, or c 7^ and c = —a = d. 
Now plug these into (|3.8|) to obtain ft = ft in either cases, which proves the claim when 6 = 0. 

We now assume 6 7^ 0. Then from (|3.7j) . we have 3a 2 — 3a6 + 6 2 — 6 2 ft = 0. By using the 
same argument as the one used to get (|3.5j) . we have 

(3.10) a 2 - ab + /3 2 b 2 = e, 



where e = ±1. Substitute p. 101) into the equation 3a 2 — 3ab + b 2 — b 2 fa = 0. Then, we obtain the 
equation 

b 2 {4fa-l) = 3e. 

Therefore, b = ±1 and fa = e = 1. Hence, together with p.lO|) . we have that a = or a = b. 

If a = 0, then c = ±1 by the equation ad—bc = ±1. Substitute these equations into (|3.8[) and 
(|3.9[) . Then, we have the equations 

fa = 1 - d 2 - bd = 2cd -d 2 +bc- bd. 

Therefore, we have that (2d+b)c = 1. Moreover, because c = ±1 and b = ±1, we have (6, d) — (c, 0) 
or (—c : c). Hence, fa = 1 = fa- 
ll a = b = ±1, then d — c = ±1 by the equation ad — be = ±1. Put a = 6 = ±1 in (|3.9p to 
obtain the equation 

(3.11) /3i = d 2 - 2cd - be. 

Moreover, by substituting a = b = ±1 and fa = 1 into (|3.8[) . we have 

(c-d)(a + c + d) = 0. 

This together with d — c = ±1 implies that c + d = — a = dbl. It follows that either d = and 
c = —a = —6, or <i = —a = —6 and c = 0. By p. lip , we have fa = 1 = /?2- This proves the claim, 
and hence the proof of the proposition is complete. □ 

We can show easily that P(rj^ s ,a)) 1S diffeomorphic to CP 1 x CP 2 if and only if (s, a) = (0, 0) 
by comparing their cohomology rings. Therefore, by Propositions 13.21 and 13.31 we have Theorem 
13.11 Moreover, by Theorem 13. 11 we have the following corollary. 



Corollary 3.4. Let .M< 2 be the class of all 6-dimensional CP-towers of height at most 2, 
up to diffeomorphism. Then two CP-towcrs M and M' in -M< 2 are diffeomorphic if and only if 
their cohomology rings H*(M) and H*(M') are isomorphic. In other words, the class A^< 2 is 
cohomologically rigid. 

4. 3-stage 6-dimensional CP-towers 

In this section, we focus on 6-dimensional CP-towers of height 3. The 3-stage 6-dimcnsional 
CP-towers are of the form 

PiO^^Hk-^CP 1 . 

Here, £ is a complex 2-dimensional vector bundle over H^, and H^ is the Hirzebruch surface 
P(7i ffi e) where e is the trivial complex line bundle and j^ is the fc-th tensor power of the 
tautological line bundle 71 over CP 1 . As is well known, H^ is diffeomorphic to Ho if k is even, 
and to Pi if k is odd (see [HB IMaSuj V 

Lemma 4.1. Let Vcct c (Pfe) be the set of complex 2-dimensional vector bundles over Hk up to 
isomorphisms. Then the correspondence 

Ycct 2 c (H k ) -^ H 2 {Hk)®H\H k ) 

£ .— ► d(0©ca(0 

is bijective. 

Proof. Since dimRP^ = 4, any two bundles 771 and rj2 € Vectc(Pfe) are isomorphic if and 
only if they are stably isomorphic, i.e., r}\ ® e £ = r\i ® e l for some trivial complex ^-dimensional 
bundle e e , see jHu| 1.5 Theorem in Chapter 9]. Therefore r\\ and r\2 represent the same element in 
K(Hk), the stable K-ring of Hk, if and only if 771 = 772- Therefore the map Vect c (iffe) — > K{Hk) 
defined by £ i— > [£] is bijective. Hence, it is enough to prove that the induced map 

d : K{H k ) -> P 2 (P fc ) © H\H k ), [i] ^ (ci(0,c 2 (0) 

is bijective. 



Let s : CP 1 -> H k = P(7f ffie 1 ) be the section denned by s([p\) = [p, [0 : 1]], and let i : CP 1 ->■ 
H k be an inclusion to a fiber in the fibration H k -> CP 1 . Then s(CP x ) U i(CP x ) S CP 1 V CP 1 , 
and we have the following inclusion and collapsing sequence 

CP 1 V CP 1 — > H k — > H k /(CP l V CP 1 ). 

Since H k admits a CW-structure with one 0-cell, two 2-cells, and one 4-cell (e.g. see |DaJaj ). 
H k /(<CP l V CP 1 ) may be regarded as the collapsing of two 2-cells to the one 0-cell. Therefore, 
the space H k /(€.P l V CP 1 ) is homeomorphic to S A . Hence, we have the following exact sequence 
of reduced K groups (see |Hu[ 2.1 Proposition in Chapter 10]): 

K(S 4 ) -> K{H k ) -> A(CP J V CP 1 ). 
As is well known, we have the following isomorphisms 

(4.1) A(S 4 ) ~ K(S 2 ) ~ A(CP J ) ~ Z, and 

(4.2) K(<CP l V CP 1 ) ~ K(<CP l ) © A(CP X ) ~ Z Z = Z 2 . 

These isomorphisms are induced by taking the Chern classes of vector bundles. Let c' = (c^,^) : 
A(P fc ) ->. P 2 (P fc ) ffi P 4 (P fc ) ~ Z 2 © Z, where ci([£]) = Ci(£) and c' 2 ([£]) = c 2 (0- Then ^ : 
K(H k ) — > H 2 (H k ) is surjective because for any a € H 2 (H k ) ~ Z 2 can be realized as the first Chern 
class €1(7) of a complex line bundle 7 over Pfc. Indeed, for a given a\X + a.2y G Zx©Zj/ = H 2 (H k ), 
the line bundle 7 = 7r* (7" 1 ) <g> 7^ 2 has the first Chern class u\x + a,iy-> where 7r : H k — > CP 1 is the 
projection, jn k is the canonical line bundle over H k = P(7^ © e 1 ) induced from the vector bundle 
tt*(7i ffie 1 ), and x, y are generators induced by ci(ir* 71), ci(-fH k ) respectively We also claim that 
c 2 : K(H k ) —t H i (H k ) is surjective. By the fundamental results of fibre bundle, we can construct 
all complex 2-dimensional vector bundles over H k /(CP l VCP 1 ) = S A by using the continuous map 
S 4 -> PP(2) up to homotopy. Because 7r 4 (Pt/(2)) ~ Z, for a given /3 G P 4 (P fc /(CP 1 V CP 1 )) 
we can construct the complex 2-dimensional vector bundle 77' such that c(t/) = 1 + /3. Now the 
collapsing map p : H k -> P fc /(CP 1 V CP 1 ) induces the isomorphism H A (H k /(CP l V CP 1 )) ~ 
H 4 (H k ) ~ Z; therefore, its pull-back 77 = p*?/ over Pfc satisfies 0(77) = 1 + /3. This implies that c' 2 
is surjective. Because 7© 77 is a complex 3-dimensional vector bundle and dimg P^ = 4, the bundle 
7©77 is in the stable range. Therefore, there is the complex 2-dimensional vector bundle £ such that 
£ffi e 1 = 7© 77, where e 1 is the trivial line bundle over H k , and c(£) = 0(7© 77) = 1 + 01(7) + 22(77). 
Therefore, the map c' : K(H k ) — > H 2 {H k ) © H 4 (H k ) is surjective. Now consider the following 
diagram. 

A(S* 4 ) — -> A(P fe ) — > A^CPWCP 1 ) 

— > z — > z 2 ®z — ► z 2 — > o 

Here the vertical maps from the left are the isomorphism in (|4.1j) . the map c' : K(H k ) — > H 2 (H k )@ 
H 4 (H k ) and the isomorphism in (|4.2j) . and the horizontal sequences are exact. One can see easily 
that the diagram is commutative. From the commutativity of the diagram and the surjectivity of 
the map c', we can see that K(S 4 ) — > K(H k ) — > A'(CP X V CP 1 ) is a short exact sequence, and the 
map d is bijective. Consequently, there exists the bijective map Vect 2 (Hk) — > H 2 (H k ) © H 4 (H k ) 
defined by £ i-> c\ (£) © c 2 (£) . This establishes the lemma. D 

By Lemma |4.1| any complex 2-dimensional vector bundles over Hq and Pi can be written by 

*7(s,r,a0 -* Po, and £( St r,p) -> Pi 
where 

Clfao.r.a)) = (S,r) GP 2 (Po)-ZffiZ, C 2 (77(s,r,a)) ="£ P 4 (P ) - Z; 

d«(«,r,fl)) = (a,r) G P 2 (Pi) ~ Zffi Z, c 2 (£ (s , r>w ) =/3 G P 4 (Pi) =s Z. 

Moreover, by taking tensor product with an appropriate line bundle if necessary, we may assume 
(s, r) <E {0, l} 2 , see Lemma l2~2l Let VWf be the set of all 6-dimensional CP-towers of height 3, up 
to diffeomorphism. The main theorem of this section is the following. 
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Theorem 4.2. The set Al® consists of the following distinct manifolds: 



P (V(0,0,a 


)) f or 


Q 


€ Z> ; 


P(V(l,0,a 


)) f 0T 


Q 


g z> ; 


P(V(l,l,a 


) ) for a 


£N; 


P{£(0,0,/3 


)) f or 


P 


£N; 


P{t(i,o,f> 


)) f or 


P 


G Z> ; 


P(£(o,i,p 


)) f or 


P 


G Z. 



Moreover, we have the diffeomorphisms P()j( 10a )) — P(V(0,i,a))> P(V(ooi)) — ^(((000)); Q^d 

^(£(0,1,0)) = ^(£(1,1,-0))- 

To prove Theorem 14.21 we first observe the following. For H = CP 1 x CP 1 , there is a self- 
diffeomorphism on Hq defined by exchanging the first and second terms, i.e., (p,q) i-> (<?,£>) for 
(p,q) £ffo = CP 1 x CP 1 . This diffeomorphism induces a bundle isomorphism between T)( at r ia ) 
and J7(r )S| a)' Therefore, we may assume (s,r) = (0,0), (1,0) or (1, 1) in the case of J7( S| r,a) • 

We also need the following lemma. 

Lemma 4.3. If the cohomology ring H*(P(r)r gra \)) is isomorphic to H*(P(£,( s '.r',i3)))> then 
(s,r,a) = (1,0,0) and (s' ', r' , (3) = (0,0,0). Furthermore, P(j7no,o)) * s diffeomorphic to P(£(o,o,o))- 



Proof. By the Borcl Hirzcbruch formula (|2.1j) . we have the isomorphisms 

H*(P(v(s,r, a ))) - Z[X,Y,Z]/(X 2 , Y 2 , Z 2 + sZX + rZY + aXY), and 
H *( p (£(s',r',i3))) - Z[x,y,z]/(x 2 , y 2 +xy, z 2 + s'zx + r'zy + (3xy), 

where (*,r) = (0,0), (1, 0) or (1, 1) in r/ (s ^ Q) , and (*', r') = (0,0), (1,0), (0, 1) or (1, 1) in ^ a ,y, a) . 
For each (s, r, a) and (s', r', /3), we express the Z-module structures of the above cohomology rings 
using their generators as follows: 

z © ix © zr © zz © zxr © zrz © zzx © zxrz ; 

Z © Zx © Zy © Zz © Zxy © Zyz © Izx © Zxj/z. 

Assume there exists an isomorphism / : H*(P(n^ s ^ r _ a - ) )) — ► H*(P(^ s ^ r i_^)). Let /(A) = 
aix + &iy + ciz, /(y) = 02a; + b2y + C2Z and f(Z) = a$x + 63J/ + C3Z, and let A/ denote the 
corresponding 3x3 matrix of /. Because / is a graded ring isomorphism, it satisfies the following 
relations: 

f(X) 2 = (01a; + b\y + ciz) 2 = (2a x bi -b\- [3c\)xy + {2a\C\ - s'c\)xz + (2b 1 c 1 - r'c\)yz = 0; 
f(Y) 2 = (a 2 x + b 2 y + c 2 z) 2 = (2a 2 b 2 -b\- (3c 2 2 )xy + (2a 2 c 2 - s'c 2 2 )xz + (2b 2 c 2 - r' c\)yz = 

in H*(P(£( s i r i^)). Therefore, we have 

2aA - b 2 - (3c 2 = 0; 
2a,iCi — s'c 2 = 0; 
2b iCi - r'c 2 = 0, 

for i = 1,2. 

Assume c\ = 0. Then, by using the first equation above and det A/ = ±1, we have either 
b\ = and a\ = ei, or fei = 2a\ = 2ei, where ei = ±1. If c 2 = 0, then it is easy to check that this 
gives a contradiction to det Af = ±1. Hence, c 2 7^ 0. By using the second and the third equations 
above, we have s'c 2 = 2a 2 and r'c 2 = 2b 2 . Hence it can be seen easily from det Af = ±1 that 
only (s',r') = (0,0) is possible, and in this case {a 2 ,b 2 ,c 2 ) = (0,0,62) and (3 = 0, where e 2 = ±1. 
Hence, we have that (s', r', (3) = (0, 0, 0). 



If (ai,&i,Ci) = (ei,0,0), then fe 3 = e 3 because dct^4y = ±1. Therefore, it follows from 
f(Z) 2 = -sf(X)f(Z) - rf(Y)f(Z) - af(X)f(Y) that 

2a 3 e 3 - 1 = -seie 3 ; 

2a 3 c 3 = -seic 3 - re 2 a 3 - aeic 2 ; 

2e 3 c 3 = -re 2 e 3 . 

Using the third equation above, we have r = c 3 = 0. Therefore, by the second equation, we also 
have a = 0. Moreover, from the first equation s = 1. Hence, (s, r, a) = (1, 0, 0). 

If (ai, &i, ci) = (ei, 2ei, 0), then 6 3 — 2a 3 = e 3 because det A/ = ±1. Therefore, it follows from 
f(Z) 2 = -sf(X)f(Z) - rf(Y)f(Z) - af(X)f(Y) that 

2a 3 6 3 - 63 = sei& 3 - 2seia 3 ; 
2a 3 c 3 = -seic 3 - re 2 a 3 - aeie 2 ; 
2&3C3 = -re 2 b 3 - 2seic 3 - 2aeie 2 . 

Using the first equation and 6 3 — 2a 3 = e 3 , we have 6 3 = — aei. Therefore, by using the third 
equation, we have sr = —2a. This implies that a = and sr = 0. If s = 0, then 6 3 = — sei = 0; 
however, b 3 — 2a 3 = — 2a 3 = e 3 and this gives a contradiction. Therefore (s,r,a) = (1,0,0). This 
establishes the first statement of the lemma when c\ — case. 

In the case when c\ 7^ and c 2 = 0, by a similar argument to the above case, we have the 
same result. When c\ 7^ and c 2 7^ 0, by some routine computation, we can see that this case 
gives a contradiction. This establishes the first statement of the lemma. 

Because 77(1,0,0) — lx © e, where 7^ is the tautological line bundle along the first factor of 
CP l xCP 1 , we can easily check that P(j7(i, ,o)) - (S 3 xCP 1 )x T iP(C 1 ®C), where T 1 acts on S 3 as 
diagonal multiplications in its coordinates and trivially on CP 1 and Ci is a complex 1-dimensional 
T 1 representation such that t ■ z = tz for t G T 1 and zeCj. On the other hand, because C(o,o,o) 
is the trivial bundle over Hi (by Lemma |4~T|). we have thatP(£( ,o.o)) = S 3 x T i P(Ci ©C) x CP 1 . 
Therefore, we have that P(77(i,o,o)) — P(C(o,o,o))- This establishes the second statement. □ 

In order to prove Theorem 14. 2 \ we may divide the proof into the following two cases. 

CASE I: P(77( s , rQ )) with the base space Hq. In this case (s, r) = (0,0), (1,0) and (1, 1). 
CASE II: P(£( s ,r.a)) with the base space H\. In this case (s,r) = (0,0), (1,0), (0, 1) and 
(1, 1). Moreover if (s,r) = (0,0) then a^0. 

The rest of the section in devoted to the proof of Theorem 14.21 by treating the two cases 
separately. 

CASE I: P(i]( s ,r.a)) with the base space Hq. We prove the cohomological rigidity for 
P(j]( s ,r,a))- Namely, we prove the following proposition. 

Proposition 4.4. The following statements are equivalent. 

(1) Two manifolds P{rj( Sl . ri . ai )) and P(Ws2,r 2 ,a 2 )) are diffeomorphic. 

(2) Two cohomology rings H*{P(r]( Sltrii0ll \)) and P*(P(?7( S2ir2 . Q2 ))) are isomorphic. 

(3) (si,ri) = (s 2 ,r 2 ), and a,\ and a 2 are as follows: 

(a) if (si,ri) = (s 2 ,r 2 ) = (0,0), then a 2 = a\ or — ai; 

(b) if (si,ri) = {s 2 ,r 2 ) = (1,0) (or (0,1)), then a 2 = a x or —a\\ 

(c) if (si,7*i) = {s 2 ,r 2 ) = (1, 1), then a 2 = ai or — a\ + 1. 

PROOF. (1) =4- (2) is trivial. 

We first prove (2) => (3). By (|2.ip . we have the following isomorphisms 

H*{P{ri {si . ruai) )) s Z[X,y,Z]/(X 2 , F 2 , Z 2 + Sl ZI + ri Zy + ai iy), and 
H *( p (V( S2 ,r 2 , a2 ))) - !<[x,y,z}/(x 2 , y 2 , z 2 + s 2 zx + r 2 zy + a 2 xy). 

Assume there exists a graded ring isomorphism / : H* (P(w 8l n.ai))) — P*(P( 7 ?(s2,r 2 ,a 2 )))i an d 
put the matrix representation of / : P 2 (P(?7( Sl . ri . Ql ))) ~ H 2 (P(r]^ S2r2a2 j)) with respect to the 
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given module generators as 

(ax bi a 
a 2 b 2 c 2 
a-3 b 3 c 3 

i.e., f(X) = a\x + biy + c\Z, f(Y) = a 2 x + b 2 y + c 2 z, f(Z) = a 3 x + b 3 y + c 3 z. Note that 
det Af = ±1. Because X 2 = Y 2 = and / is a ring isomorphism, 

f(X) 2 = (2ai&i - a 2 c\)xy + (2oi - s 2 ci)c\xz + (26i - r 2 ci)ciyz = 0; 
/(F) 2 = (2a 2 6 2 - a 2 c\)xy + (2a 2 - s 2 C2)c2a;z + (26 2 - r 2 c 2 )c 2 yz = 

in H*{P(ji( S2T2 ^ a2 -})). Therefore, we have 

(4.3) 2aA - a 2 cj = 0, 

(4.4) (2a* - s 2 Ci)a = 0, 

(4.5) (26, - r 2Ci )c t = 0, 

for i = l, 2. We divide the proof into the following three cases: Case 1 (s 2 ,r 2 ) = (1,1); Case 2 
(s 2 ,r 2 ) = (0,0); Case 3 (s 2 ,r 2 ) = (1,0). 

Case 1: (s 2 ,r 2 ) = (1, 1). We first claim that c\ = c 2 = and C3 = 63 = ±1. If Cj 7^ 0, for 
i = 1 or 2, then 2aj = a by (|4.4p . 26^ = a by (|4.5j) and 2(^6.; = a 2 c 2 by (|4.3[) . These equations 
imply that 

idibi = c 2 = 2a 2 c 2 . 

Because Cj 7^ 0, we have that 1 = 2a 2 . This gives a contradiction. Therefore, we have 

c\= c 2 = 0. 

This together with det Af = ±1 imply that 

C 3 = 63 = ±1. 

Because Z 2 = —s\XZ — r\YZ — ol\XY in H* (P(rjf Sl!ri ^ ai \)), the ring isomorphism / induces 
the following equations 

(4.6) 2a 3 6 3 - a 2 £ 2 = -si(ai&3 + 0361) - n(a 2 b 3 + a 3 b 2 ) - ai(a\b 2 + a 2 6i), 

(4.7) (2a 3 - e 3 )e 3 = (-siai -ria 2 )e 3 , 

(4.8) (26 3 - e 3 )e 3 = (-S1&1 - ri6 2 )£ 3 . 

Using (|4.3[) and Ci = C2 = 0, we have dibi = for i = 1, 2. Moreover, from det Af = ±1, there 
are two possibilities, i.e., either (01,62) = (0,0) and (02,61) = (£1,62), or (01,62) = (fi,£ 2 ) and 
(a 2 , 61) = (0, 0) where e* = ±1 for i = 1, 2. 

If (ai,6 2 ) = (0,0) and (a 2 ,6i) = (ei,e 2 ), then it follows from (f4?f|) and (j4~8]) that 

2a 3 = e 3 - nei; 
26 3 = e 3 - 5ie 2 . 

It is easy to check that if si = or r\ =0 then we have a contradiction to one of the equations 
above. Therefore, (si,n.) = (s 2 ,r 2 ) = (1,1). We also have that if £3 = ei (rcsp. e 3 = e 2 ) then 
a 3 = (rcsp. 63 = 0) and if £3 7^ ei (resp. £3 7^ e 2 ) then 03 = £3 (resp. 63 = £3). Thus, by the 
equation (|4.6|) . we have that a 2 = ai or a 2 = — ai + 1. 

If (01, 6 2 ) = (ei, £ 2 ) and (a 2 , 61) = (0, 0), then similarly we have that (si, r{) = (s 2 , r 2 ) = (1, 1) 
and a 2 = a\ or a 2 = —a\ + 1. This establishes (3) — (c). 

Case 2: (s2,' , 2) = (0,0). If (si,ri) = (1,1) in this case, by the same argument as in Case 1 
with (s 2 , r 2 ) replaced by (s±,ri), we can see that (s 2 , r 2 ) = (1, 1) which contradicts to the hypoth- 
esis. Therefore (si,ri) = (0,0) or (1,0), and hence, Z 2 = —s\XZ— a\XY in H*(P(ri( aitri>ai ))). 
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Therefore, the ring isomorphism / implies the following equations: 

(4.9) 2a 3 6 3 - a 2 c\ = — §1(0163 + 0361) - ai(ai6 2 + a 2 6i) + sicic 3 a 2 + aicic 2 a 2 ; 

(4.10) 2a 3 c 3 = -si(aic 3 + a 3 ci) - ai(aic 2 + a 2 ci); 

(4.11) 26 3 c 3 = -si(6ic 3 + 63C1) - ai(6iC2 + 6 2 ci). 

Because of f|4.4[) and (|4.5[) . we also have that a^Ci = 6jC, = 0. Then by (|4.3j) . there are two 
cases to consider for 8 = 1,2: (2-i) the case when c, 7^ 0, and hence, a, = 6, = a 2 = 0; (2-ii) the 
case when c, = 0, and hence Oj6j = 0. 

(2-i) If c\ 7^ 0, and hence, a\ = 61 = a 2 = 0, then ci = e 3 = ±1 because det Af = ±1. 
Furthermore, if c 2 7^ 0, then a 2 = 6 2 = 0, which gives a contradiction to det Af = ±1. Therefore, 
c 2 = and a 2 b 2 = 0. Moreover a 3 6 3 = by (|4.9[) . Since det Af = ±1, there are two possibilities 
for (a 2 ,a 3 ) and (62,63), i.e., either (02,03) = (0,ei) and (62,63) = (e 2 ,0), or (02,03) = (ei,0) and 
(62, 63) = (0, e 2 ). If a 2 = 63 = 0, then, by using (|4.10|) and (|4.1ip . we have that 2c 3 = — sie 3 and 
a.\ = a 2 = 0. Therefore, because s\ — or 1, we also have c 3 — and si = s 2 = 0. If a 3 = b 2 = 0, 
then we similarly have that ai = a 2 = and s\ = s 2 = 0. 

(2-ii) If c\ = 0, then 0,161 = 0. If c 2 7^ 0, then the proof is almost the same with the case 
when ci 7^ 0; and we have that a± = a 2 = and si = s 2 = as the conclusion. Therefore, we 
may put c 2 — and a 2 6 2 = 0. Because of det Af = ±1, we have that c 3 = e 3 = ±1 and there are 
the two possibilities, i.e., either (01,02) = (0,ei) and (61,62) = (^2,0), or (01,02) = (ei,0) and 
(61, 62) = (0, e 2 ). If ai = 62 = (rcsp. a 2 = 61 = 0), then it follows from (|4~TT|) (resp. (|iT0| ) that 
26 3 = — S161 (resp. 2a 3 = — Siai). Therefore, s± — s 2 = and 6 3 = (resp. a 3 = 0). Moreover, by 
(|4.9|) . we have that a 2 = t\e 2 a\. This establishes (3) — (a). 

Case 3: {s 2l r 2 ) = (1,0). In this case, by the same arguments as above, we may assume 
(si,ri) = (1,0), i.e., Z 2 = —XZ — a. x XY in ff*(P(% 81jriiai ))). It is sufficient to show that 
a 2 = ai or —oti- Now, the ring isomorphism / implies the following equations: 

(4.12) 2a 3 6 3 — a 2 c 3 = — (0163 + a 3 6i) — ai(oi6 2 + a 2 6i) + cic 3 a 2 + aiCic 2 a 2 ; 

(4.13) 2a 3 c 3 - C3 = -(01C3 + a 3 ci) - ai(aic 2 + a 2 ci) + cic 3 + cic 2 ai; 

(4.14) 26 3 c 3 = -(61C3 + 63C1) - ai(6ic 2 + 62C1). 

Because of (|4.4p and ()4.5p . we also have (2a^ — Ci)ci = and biCi — 0. By ()4.3|) . if c, 7^ then 
6,; = Q' 2 = and c, = 2at, and if Cj = 0, then a;6,; = 0. 

(3-i) If c\ 7^ 0, then 61 = a 2 = 0, Ci = 2ai. Since det Af = ±1, we may put ai = ei = ±1. In 
this case, if c 2 7^ then 6 2 = and c 2 = 2a 2 , which contradicts to det Af = ±1. Therefore, c 2 = 
and a 2 6 2 = 0. It follows from (|4~T2|) and (|4~T4)l that 

2a 3 6 3 = -ei(6 3 + ai& 2 ) = 6 3 c 3 . 

Therefore, there are two cases to consider: the case when 6 3 = 0, and hence ai6 2 = 0; the case 
when 6 3 7^ 0, and hence c 3 = 2a 3 . If 6 3 7^ and c 3 = 2a 3 , then by dct^4j = ±1 we have 
a 3 = = c 3 and 6 3 = e 2 = ±1. Then the matrix Af is equal 

ei 2ei 

a 2 b 2 
e 2 

This gives a contradiction to det Af = ±1. Therefore, 6 3 = 0, and hence ai6 2 = 0. If 6 2 = then 
this gives a contradiction to det Af = ±1. Hence, we have 6 2 7^ 0, and hence a\ = a 2 = 0. 

(3-ii) If ci =0 and c 2 7^ 0, then 0161 = 0, c 2 = 2a 2 and 6 2 = a 2 = 0. If 61 = 0, then it is 
easy to check this gives a contradiction to det^4/ = ±1. Hence, ai = and 61 = ±1. Because 
c 2 = 2a 2 and det Af = ±1, we have c 3 — 2a 3 = ±1. By using (|4.13[) . we also have the equation 
c 3( c 3 — 2a 3 ) = 0. Therefore, c 3 = 0, and hence 2a 3 = ±1. This gives a contradiction to a 3 G Z. 

Therefore c\ = c 2 = 0. Since det Af = ±1 and c\ = c 2 = 0, we can put c 3 = e 3 = ±1. 
Then, we can easily see that ai + 2a 3 = e 3 by (|4.13|) and 61 = — 26 3 by (|4.14[) . Therefore, by 
using ai6i = a 2 6 2 = and det Af = ±1, we have that 61 = 63 = 0, 6 2 = e 2 = ±1 and a 2 = 0, 
ai = ei = ±1. Hence, by using (|4.12j) . we have a 2 = ±ai. This establishes (3) — (6). Consequently, 
we have proved the implication (2) => (3). 



Finally, we prove (3) =>■ (1). Consider the diffcomorphism / = id x conj : CP 1 x CP 1 — > CP 1 x 
CP 1 defined by (p,q) n- (p, q). Because / changes the orientation on CP 1 x CP 1 , the Euler class 
e (f*V{s,r,a)) coincides with —e.{rjr s ,r,a))- Because of the definition of Chern class, e(f*rj( sra -)) = 
C2(f*i r l(s,r,a)) = ~C2 (v(s,r,a) ) = — a - Because x and y are the first Chern classes of the tautological 
line bundles of the first and the second factor of CP 1 xCP 1 , we have C\(f*r)t s>ria \) = f*(sX+rY) = 
sx — ry. Hence, by Lemmas 12.21 and 14. 1[ we have 

/ r l(s,Q,a) — V(s,0,-a)j 

f*V(l,l,a) ® 72 = V(l-l.-a) ®l2 = ^(l.l.l-a), 

where j 2 is the pull back of the tautological line bundle over CP 1 along the projection ir 2 : CP 1 x 
CP 1 — > CP 1 to the second factor. This implies that P(r]/ S ^ a )) = P{V(s,r,-a)) f° r ( s , r ) = (0,0) 
or (1,0) (or (0, 1)) and P(?7(i 1 a )) — P(r](i 1 i-a)) f° r ( s , r ) = (1, !)■ This proves the implication 

(3) => (1). □ 

CASE II: P(£,( s ,r,f3)) with the base space H\. We prove the cohomological rigidity for 
-P(£(s,r,/9)) i n the following proposition. 

Proposition 4.5. The following statements are equivalent. 

(1) Two manifolds P(£( Sl ,n,/3i)) and P(£( S2 , r 2 ,/3 2 )) are diffeomorphic. 

(2) Two cohomology rings H*(P(£ {suruPl) )) and P*(P(£( S2 ,r 2 ,/3 2 ))) are isomorphic. 

(3) Either (si,ri,/3i) = (s 2 , r 2 , /3 2 ), or one of the following holds: 

(a) (ai.n.ft) - (0,0, p) and (s 2 ,r 2 ,/3 2 ) = (0,0,-/3) [fi ± 0); 

(b) (ai.n.ft) = (1,0,/?) and (s 2 ,r 2 ,/3 2 ) = (1,0,-/3); 

(c) {(ai.n^i). (s 2 ,r 2 ,/? 2 )} = {(0,l,/3), (1,1,-/3)}, 
for some /3 € Z. 



By using Proposition 14.41 and 14.51 and Lemma 14731 we have Theorem 14.21 Let us prove Propo- 
sition 14.51 



V J 


VS(s 2 ,r 2 , 


"1 


61 Cl 


"2 


&2 C 2 


(ki 


&3 C 3 



PROOF. (1) => (2) is trivial. We first prove (2) =>• (3). By (|2.1|) we have the isomorphisms 
fl , *(^(^(»i,n 1 ft))) - Z[X,Y",Z]/(X 2 , y 2 +XY", Z 2 + Sl ZI + n2F + ftiy), and 
^*(-P(^(s2,r2,/32))) - z [») JA^]/^ 2 , ?/ 2 + 2^, z 2 + s 2 zx + r 2 zy + foxy). 

Assume there is a ring isomorphism / : P*(P(^( Sl .r 1 , / 3 1 ))) — ^*(-P(C(s 2 ,r 2 ,^2)))' ano - P u ^ the matrix 

representation of / : H 2 (P(£ {si , ru/3l) )) ~ P 2 (P(£( S2 ,r 2 ,/3 2 ))) as 

A / = 

Note that det A/ = ±1. Let e 4 = ±1 (z = 1, 2, 3). Because of X 2 = e P*(P(C( Sl ,r 1 ,/s 1 ))), we 
have 

2ai6i - b\ - c 2 f3 2 = 0, 

2axCi - c 2 s 2 = 0, 

2&ici - c\r 2 = 0. 

By using these equations and det Af = ±1, it is easy to check that for e = ±1 

Case 1: if C\ 7^ 0, then there are the following two sub-cases: 

• (s2,r 2 ) = (0,0) with (oi,6i,Ci) = (0,0, e) and /3 2 = 0; 

• (s2,r 2 ) = (1,0) with (oi,6i,Ci) = (e, 0,2e) and /3 2 = 0, 
Case 2: if ci = 0, then (ai,&i) = (e, 0) or (e, 2e). 

Because Y 2 = —XY in H*(P(& aiiri 1 1 ))), we also have 

(4.15) 2a 2 6 2 -b 2 — c 2 /3 2 = -a\b 2 - b\a 2 + b\b 2 + cic 2 /3 2 , 

(4.16) 2a 2 c 2 - c\s 2 = -a\c 2 - c x a 2 + cic 2 s 2 , 

(4.17) 26 2 c 2 - c\r 2 = —b\C 2 - C\b 2 + c\c 2 r 2 . 
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Case 1: c x ^ 0. If (s 2 ,r 2 ) = (0,0), then, by using (j^TC)) . (|4TTT)) and (oi,6i,Ci) = (0,0, e 3 ), 
we can easily show that a 2 = b 2 = 0; however, because det Af = ±1, this gives a contradiction. 
Therefore, (s 2 ,r 2 ,(3 2 ) — (1,0,0) and (ai,6i, Ci) = (ei,0,2ei). Note that det Af(a 2 bz — a 3 b 2 ) is the 
(1, 3)-entry of the matrix Aj 1 . Therefore, by a similar argument to the above, we can see that if 
a 2 b 3 — a 3 b 2 ^ then (si, n) = (1,0) and fi\ = 0. This means that if we get 0263 — 0362 7^ then 
we have (si,ri,/3i) = (52,^2, ^2) = (1,0,0), i.e., the statement of this proposition holds. 

By (|4.17p . we may divide the case when c\ 7^ into two sub-cases: (1-i) b 2 = and (1-ii) 
b 2 7^ and c 2 = — ei. 

(1-i) If b 2 = 0, then it easily follows from (|4.16|) that C2 = 2a 2 or —e\. Moreover, by using 
det Af = ±1 and (ai,6i,ci) = (ei,0, 2ei), we have that {a 2 ,b 2 ,c 2 ) = (0,0, — ei) or (— ei,0, — ei), 
and 63 = e 2 . If (a2,&2,C2) = (— ei,0, — ei), then 0263 — 0362 = —e\e 2 7^ 0. Therefore, by the 
argument explained above, we have (si,ri,/3i) = (s 2 ,r 2 , (3 2 ) = (1,0,0). Hence, this satisfies the 
statement of this proposition. Suppose (a 2 ,b 2 ,c 2 ) = (0,0, — ei). Since Z 2 = —s\XZ — r{YZ — 
fliXY, we have 

(2a 3 e 2 - l)xy + 2e 2 c 3 yz + (2a 3 c 3 - c\)xz 

= —S\{e\x + 2eiz)(a 3 .T + e 2 y + c 3 z) + rieiz(a 3 x + e 2 y + c 3 z) + f3i(eix + 2t\£)t\z. 

So, we have 

2a 3 e 2 - 1 = -Sieie 2 ; 

2a 3 c 3 - c% = -2sieia 3 + sieic 3 + rieia 3 - rieic 3 - ft; 

2e 2 c 3 = -2si£ie 2 + rieit 2 - 

It easily follows from these equations that (si, ri, ft) = (s 2 , r 2 , f3 2 ) — (1, 0, 0). 

(1-ii) If b 2 7^ and c 2 = — ei, then we have that b 2 = 2a2 + ei by (|4.15[) . Since (01, &i, c\) = 
(ei, 0, 2ei), we have 

det A f = (2eia 2 + 1)(& 3 + c 3 - 2a 3 ) = ±1 

Therefore, either (1-ii-a) (a 2 ,b 2 ,c 2 ) = (0,ei,— ei), or (1-ii-b) (— ei, — ei, — ei) and 6 3 + c 3 — 2a 3 = 

±1. 

(1-ii-a) Suppose (a2,&2,C2) = (0, ei,— ei), then 0263 — 62^3 = —£103- As before, if a 3 7^ 
then (si,ri,/3i) = (s2,f2,ft) = (1,0,0). This satisfies the statement of proposition. If 03 = 0, 
then 63 + C3 = ±1 by the equation above. From the relation Z 2 = —s\XZ — r{Y Z — (3iXY, we 
have 

(4.18) _^ = _ ai e 1 6 3 + r 1 e 1 63-|8i, 

(4.19) -c 3 = sieic 3 -rieic 3 -ft, 

(4.20) 263C3 = -2siei6 3 - r 1 e 1 c a + ne^ - 2ft. 
From these equations, we get 

(b 3 + c 3 ) 2 = 1 = -siei(& 3 + c 3 ). 
Hence, si = 1 and 63 +03 = —61. By (|4.18j) . we have 



1 + 2eic 3 - c 3 = -ei(-ei - c 3 ) + riei(-ei - c 3 ) - /3 



Substituting (|4. 19[) into this equation, we have 

-1 + 2eic 3 + eic 3 - rieic 3 - ft = -ei(-ei - c 3 ) + J"iei(-ei - c 3 ) - ft. 

Hence, 

2(2e lC3 - 1) = n = 0. 

But this is impossible. Therefore the case (1-ii-a) can not occur. 

(1-ii-b) Suppose (a 2 ,b 2 ,c 2 ) = (— ei, — ei, — ei), then a 2 &3 - ^203 = — ei(6 3 - a 3 ). With the 
method similar to that demonstrated above, if a 3 7^ 63 then (si,ri,ft) = (s 2 ,r 2 ,/3 2 ) = (1,0,0). 



Hence, we may assume a 3 = & 3 . Because det Af = c 3 + 63 — 2a 3 = ±1, we also have c 3 — b 3 = ±1. 
From the relation Z 2 = —s\XZ — r\Y Z — faXY ', we have 

(4.21) &§ = -*iei&3+riei& 3 +j9i, 

(4.22) 263C3 -4 = -2siei6 3 + sieic 3 + r l£l 6 3 + 2 fa, 

(4.23) 263C3 = -2SX6X&3 + neica + r iei & 3 + W\- 

By using (J4722|) and (|4T23|) . we have 

C3(nei -c 3 - sid) = 0. 

Therefore, we have either C3 = 0, or C3 7^ and r^i — c 3 — Siej = 0, i.e., c 3 = ei(r% — si) with 
ri 7^ si. 

We claim C3 7^ 0. If C3 = 0, then by using det Af = ±1 and 03 = 63, we may put 63 — e 2 . By 
using (|4.22[) and (|4.23p again, we have that 

— 2s 1 € 1 e 2 + r 1 e\e 2 + 2 fa = 0. 

Hence, it is easy to check that (si,ri,fa) = (0,0,0) or (1,0, £162)- However, using (|4.2ip . both of 
the cases give contradictions. Consequently, C3 7^ 0, i.e., C3 = ei(ri — s\) with n 7^ Si. 

Because ?'i 7^ Si, there are two cases: (si,ri) = (1,0) and (0,1). We first assume that 
( s i: r i) = (1,0). In this case, c 3 = —ex. By using (|4.22[) . we have fa = 0. Therefore, this case 
gives (si,ri,/3i) = (s 2 ,r 2} fa) = (1,0,0). We next assume that (si,ri) = (0,1). In this case, 
C3 = €\. Similarly, we have that Ei& 3 — 1 = 2 fa. This also gives the equation 

ex& 3 - 1 = ei(&s - ei) = 2ft. 

Recall that 63 — C3 = ±1 and C3 = ei. This gives a contradiction. This finishes Case 1. 

Case 2: ci = 0. In this case we divided into two sub-cases: (2-i) (ai,&i,ci) = (ei,0, 0), and 
(2-ii) (ai,&i,ci) = (ei,2ei,0). 

(2-i) Assume (oi,6i,ci) = (ei,0, 0). Then, it follows from (j4~i~5j) . (|4T6|) and (j4~P7f that 

(4.24) 2a 2 b 2 - b\ - c\fa = -eife; 

(4.25) 2a 2 c 2 - C2S2 = — eiCg; 

(4.26) 2& 2 c 2 - c^ 2 = 0. 

By P~2"5T) and ([Q6]) . cither (2-i-a) c 2 7^ and 2a 2 = c 2 s 2 - d, 2fe 2 = c 2 r 2 , or (2-i-b) c 2 = 0. 

(2-i-a) First assume c 2 7^ 0. Then, by 2<22 = C2S2 — ei, we have s 2 = 1 and C2 = 2a2 + ei. 
By substituting this equation into (|4.26p .we have that r 2 = = 62- Hence, by (|4.24|) , fa = 0, i.e., 
{s 2 ,r 2 ,fa) = (1,0,0). Because det Af = ±1, we may put 63 = £2- Moreover, we have det Af = 
—eie 2 (2a 2 + £1) = ±1; therefore, a 2 = or — 1\. If a 2 = — ei, then 0263 — 0362 = — £1^2 7^ 0. 
Hence, with the method similar to that demonstrated in Case 1, we have (si, ri, /3i) = (S2, f 2 , fa) = 
(1, 0, 0). Thus, we may assume 02 = 0, i.e., 




By using Z 2 = - Sl XZ - r x Y Z - faXY and (s 2 ,r 2 ,fa) = (1, 0, 0), it is easy to get that 

2a 3 £ 2 - 1 = -sieie 2 ; 

2£ 2 c 3 = -ri£i£ 2 ; 

(2a 3 - c 3 )c 3 = -si£ic 3 - ri£ia 3 + ric 3 ei - fa. 

By using the first and second equations, we have s\ = 1, r\ =0 and c 3 = 0. Therefore, by the third 
equation, we have that (s\,r\,fa) = (s 2 ,r 2 ,fa) — (1,0,0). Consequently, if (oi,6i,Ci) = (ei,0,0) 
and c 2 7^0, then {s\,ri,fa) = (s 2 ,r 2 ,fa) = (1,0,0). 
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(2-i-b) Wc next assume c 2 = 0. Because detA^ = £i& 2 c 3 = ±1, we may put b 2 = £ 2 and 
c 3 = e 3 , i.e., 

Then, it follows from (|424|) that 2a 2 e 2 - 1 = -£i£ 2 , i.e., a 2 = ~ ei 2 +£2 . By using Z 2 = -s\XZ - 
r\YZ — fiiXY, it is easy to get that 

2a 3 b 3 - b\ - ft = -si£i6 3 - r 1 (a 2 b 3 + a 3 e 2 - e 2 b 3 ) - fteie 2 ; 
2^3 - J" 2 = -rie 2 e 3 ; 
2a 3 e 3 - si = -sieie 3 - ria 2 e 3 . 
If ei = e 2 , then a 2 = and 

2a 3 & 3 - b 2 3 - ft = -Siei& 3 - ri(a 3 ei - £1^3 ) - ft; 
2b 3 e 3 - r 2 = -ri£i£ 3 ; 

2a3£3 — S 2 = -Sl£l£3. 

By using the second and third equations, we have that (si, ri) = (s 2 , r 2 ). Therefore, if £1 = 63, then 
we also have b 3 = a 3 = 0. Using the first equation, we have ft = ft, i.e., (si, ri, ft) = (s 2 , r 2 , ft). 
Suppose ei 7^ £3, i.e., £3 = — e\. In this case, if s\ = s 2 = (resp. si = s 2 = 1) then a 3 = (resp. 
a 3 = — £1) by using the third equation. Similarly by using the second equation, if r± = r 2 = 
(resp. r\ = r 2 = 1) then b 3 = (resp. 6 3 = — £1). Therefore, by using the first equation, it is easy 
to check that ft = j3 2 . Consequently, in the case when e\ = e 2 , hence (a 2 ,6 2 ,c 2 ) = (0, £i,0), we 
have (s%,ri, Pi) = (s 2 ,r 2 ,ft), i.e., this case satisfies the statement of proposition. 
If — £1 = £ 2 , then a 2 = — £1 and 

2a 3 6 3 - 63 - fc = -sieih + ria 3 £i + ft; 

2&3£3 - ?'2 = ?'iei£3; 

2a 3 £ 3 - S 2 = -Sl£l£ 3 + Tl£l£ 3 . 

By using the second equation, we have that r± = r 2 . If T\ = r 2 = 0, then 63 = by the 
second equation and s\ = s 2 by the third equation. Moreover, by using the first equation, we 
have (si,0,/?i) = (s 2 ,0, — (3 2 ). This implies that (3) — (a) and (3) — (b) in the statement of the 
proposition. If n = r 2 = 1, then 63 = ei jp 3 by the second equation and si 7^ s 2 by the third 
equation. We first assume (si,s 2 ) = (1,0). Then, by the third equation, we have that a 3 = 0. 
Therefore, the first equation gives 

_ IJ-e^ _ 1 + eoea 

2 2 

Therefore, ft = —ft, i.e., (si,ri,ft) and (s 2 ,r 2 ,ft) are the pair (1,1, r) and (0,1,— r). This 
implies that (3) — (c) in the statement of the proposition. We next assume (si, s 2 ) = (0, 1). Then, 
by the second and third equations, we have that a 3 = b 3 . Therefore, the first equation gives 

— ft-^— +ft. 

Therefore, ft = —ft, i.e., (si,ri,ft) and (s 2 ,r 2 ,ft) are the pair (0,1, r) and (1,1,— r). This 
implies that (3) — (c) in the statement of the proposition. Consequently, if (ai,6i,ci) = (ei,0, 0) 
and c 2 = 0, then the statement holds. Therefore the first sub-case (2-i) is done. 

(2-ii) Assume (oi,6i,ci) = (ei,2ei,0). Then, it follows from (pT~T5|) . (|4T6|) and (|4~T7| that 

(4.27) 2a 2 6 2 - b\ - c 2 ft = ei fe 2 - 2 ei a 2 ; 

(4.28) 2a 2 c 2 - (? 2 s 2 = -£ic 2 ; 

(4.29) 2b 2 c 2 - c\r 2 = -2e x c 2 . 

By P~2"gf and P~2T))) . cither (2-ii-a) c 2 7^ and 2a 2 = c 2 s 2 - £1, 26 2 = c 2 r 2 - 2ei, or (2-ii-b) 
c 2 =0. 
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(4.33) 


-63 = siei& 3 - riei& 3 - 0i; 


(4.34) 


2&3C3 = -2sieic 3 - ri(-eic 3 


(4.35) 


-c 2 = -sieic 3 + rieic 3 - /3i 


This implies that 





(2-ii-a) Wc first assume c 2 7^ 0. Then, by 2a 2 = c^si — e i 5 we have s 2 = 1 and c 2 = 2a 2 + £1. 
Substituting this equation into 2& 2 = c 2 r2 — 2ei, we have r 2 = and 6 2 = — ei. Therefore, /3 2 = 
by (|4~27)) . By using Z 2 = -siAZ-riyZ-^iAF and (s 2 ,r 2 ,/3 2 ) = (1,0,0), it is easy to get that 

(4.30) 2a 3 6 3 - bj = -si(-eib 3 + 2eia 3 ) - ri(a 2 6 3 - £103 + ei6 3 ) - /M 1 + 2e ia2 ); 

(4.31) 263C3 = -2sieic 3 - ri(-eic 3 + 2a 2 fe 3 + £i& 3 ) ~ ^i(4a 2 ei + 2); 

(4.32) (2a 3 - c 3 )c 3 = -sieic 3 - ri(-a 2 c 3 + 2a 2 a 3 + eia 3 - eic 3 ) - /3i(2a 2 ei + 1). 

Because detAf = (2a 2 £i + l)(2a3 — 63 — C3) = ±1, either (2-ii-a-I) a 2 = or (2-ii-a-II) 
a-2 = — e\, and we may put 2a 3 — 63 — C3 = £3. 

(2-ii-a-I) Assume a 2 = 0. With the method similar to that demonstrated in Case 1, if 
a 2 &3 — a3& 2 = 03 7^ then (si,ri,/3i) = (s 2 ,r 2 ,/3 2 ) = (1,0,0). Therefore, we may assume 03 = 
and — &3 — C3 = £3. Hence, by the above equations, we have that 



eih) - 2/3 i; 



-(h + C3) 2 = -1 = siei(6 3 + c 3 ) = -sieie 3 . 

Therefore, we have si = 1 = £163 and C3 = —63 — ei. By substituting these equations into the 
third equation, we have 

-b\ - 2ei& 3 - 1 = ei(6 3 + ei) - riei(6 3 + Cl ) - ft. 

Because of the first equation, we have 

2e 1 b 3 + 2 = r 1 . 

This implies that t\ = and 63 = — 1\. Hence C3 = —63 — ei = 0. Therefore, from ()4.34j) . we have 
pi = 0. Therefore, (si,ri,/3i) = (s 2 ,r 2 ,/3 2 ) = (1,0,0). This satisfies the statement of proposition, 
and the case (2-ii-a-I) is done. 

(2-ii-a-II) Assume a 2 = — ei With the method similar to that demonstrated in Case 1, 
if CI3 7^ &3 then (si,ri,j3i) — (s 2 ,r 2 ,/3 2 ) = (1,0,0). Therefore, we may assume 03 = 63 and 
a 3 — c 3 = £ 3- By the above equations (J4.30J) . (|4.31|) . and (|4.32[) . we have 

aj = -aiei03 + ri£ia 3 + ft; 

2a3C3 = -2si£ic 3 - n(— 6103 - £103) + 2/?i; 

(2a 3 - c 3 )c 3 = -si£ic 3 + ri£ia 3 + ft. 

This implies that 

(a 3 + c 3 )(-a 3 + c 3 ) = si£ia 3 - Sieic 3 + rieic 3 - rieia 3 
= £i(ri - si)(-a 3 + c 3 ). 

Because 03 — C3 = £3, we have that 03 + 03 = £i(ri — s\); therefore, t\ 7^ si. If (si,ri) = (0,1), then 
2a 3 c 3 = l + 2ft by the second equation above. This gives a contradiction. Hence, [s\,r\) = (1,0). 
In this case, 03 = ~ ei 2 +e3 and C3 = ~ £l 2 ~ e3 . If £1 = £3, then 03 = and c 3 = — e\. In this case, by 
using the first equation, ft = 0. However, by using the second equation, we also have ft = — 1. 
This gives a contradiction and we have £1 = —£3, i.e., az = — £1 and c 3 = 0. It is easy to check 
that (si,n,ft) = (s 2 ,r 2 ,/3 2 ) = (1,0,0). Consequently, if (ai,bi,a) = (ei,2ei,0) and c 2 7^ 0, then 
(si,ri,ft) = (s 2 ,r 2 ,/3 2 ) = (1,0,0). This satisfies the statement of proposition. This finishes the 
proof for (2-ii-a). 

(2-ii-b) We next assume c 2 = 0, i.e., 

A f = 



ei 


2ci 





"2 


&2 





«3 


63 
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Since det A f = ±1, wc have c 3 = ±1 =: e 3 . By P~2"T]) 

2a 2 6 2 - bl = eib 2 - 2t\a 2 . 

Hence, 

(2a 2 -6 2 )(6 2 + e 1 ) =0. 

Therefore, 6 2 = 2a 2 or — ei. If b 2 = 2a 2 , then det Af = 0, which is contradiction. Therefore, 
6 2 = — e\. Hence, det Af = e 3 (— 1 — 2eia 2 ) = ±1; therefore, 

• a 2 = or 

• a 2 = — ei. 

By using Z 2 = —s\XZ — r\Y Z — fi\XY , it is easy to get that 

2a 3 & 3 -bl - fo = -Si(-eib 3 + 2eia 3 ) - r 1 {a 2 b s - eia 3 + £163) - /8i(l + 2e x a 2 ); 

26363 - r 2 = -2sieie 3 + ri£ie 3 ; 

2a 3 - s 2 e 3 = -siei - r 1 a 2 - 

By the second equation, we have that n = r 2 . If ri = r 2 = 0, by the second and third equations, 
we have that 63 = — Siei and si = s 2 , respectively. It follows easily from the first equation that 
P\ — P2 for a 2 = and /3i = — (3 2 for a 2 = —e\. This implies that (3) — (a) and (3) — (b) and (3) 
with (si, 0, /3i) = (s 2 , 0, /3 2 ) in the statement of the proposition. If n = r 2 = 1, then by the above 
equations, we have that 

2a 3 & 3 - 63 - f3 2 = -Si(-eib 3 + 2e 1 a 3 ) - a 2 b 3 + exa 3 - ei& 3 - /3i(l + 2e!a 2 ); 

26 3 e 3 - 1 = -2sieie 3 + eie 3 ; 

2a 3 - s 2 e 3 = -siei - a 2 . 

When a 2 = 0, then by the third equation we have that si = s 2 . If si = s 2 = 0, then by the 
third equation we have 03 = 0; therefore by the first and second equations we have 

l + ei£ 3 a l + ei£3 a 

2 ^ 2= 2 A 

Hence, /3i = /3 2 . This implies that (3) with (0, 1, /3i) = (0, 1, /3 2 ) in the statement of the proposition. 
If si = s 2 = 1, then by the second and third equations, we have that 0,3 = 63 = ~ ei 2 +£3 . Using the 
first equation, we have j3i — j3 2 . This implies that (3) with (1, l,/3i) = (1, 1, /3 2 ) in the statement 
of the proposition. 

When a 2 = — ei, then by the third equation we have that si 7^ s 2 . If (si,s 2 ) = (1,0), then it 
follows from the third equation that 03 = 0; therefore by the first and second equations we have 

2 h- 2~ +A 

Hence, /?i = — /3 2 . If (si,s 2 ) = (0,1), then by the second and third equations, we have that 
a 3 = 63 = ei + C3 . Using the first equation, we have /3-y = — j3 2 . This implies that (3) — (c) in 
the statement of the proposition. Consequently, if (a\,b\,C\) = (ei,2ei,0) and c 2 = 0, then the 
statement holds. Therefore (2-ii-b) is finished, and this establishes the statement (2) => (3). 

Finally, we prove (3) => (1). If (si,ri,/3i) = (s 2 ,r 2 ,/3 2 ), then the statement is trivial. Assume 
(si,n,/3i) ^ (s 2 ,r 2 ,/3 2 ). Recall that Hi S 5 3 x T i P(d © C). Let / : Hi ->• i?i be the 
diffeomorphism which is induced from the composition of the diffeomorphisms 

S 3 x T i P(Ci © C) 4 S- 3 x T i P(C_i © C) A S* 3 x T i P(Ci © C), 

where g is the diffeomorphism induced from the orientation reversing of the fibers and h is the 
diffeomorphism induced from the tensor product of the tautological line bundle on 7_i © e. Then, 
it is easy to check that the induced homomorphism /* is f*(X) = x and f*(Y) = —x — y, where 
H*(H\) ~ Ti[x , y] / {x 2 , y 2 + xy). Then, we can easily check the following isomorphisms; 

/ £(0,0,0) = £(0,0,-0); 

/ £(1,0,0) — £(1,0,-0); 

/*£(o,i,0) =£(-i,-i,-0)- 
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□ 



Because of Lemma 12.21 we have 

lx+y <8> £(-l-l~/3) = £(1,1,-/3), 

where ~f x +y is the line bundle over Hi induced from x + y G H 2 (Hi). This establishes that 

P (€(O,O,0)) — P(€(p,O,-0))] 

p(e(i,o,«) = p(ea,o,-p)Y, 

P(.S(.o,i,n) * P(S(i,i,-p))- 

Consequently, using Theorem 13.11 and 14.21 we have Theorem 11.11 

5. Cohomological non-rigidity of 8-dimensional CP-tower 

In this section, we classify all 2-stage CP-towers whose first stage is CP 3 . We first introduce 
the following classification result of complex 2-dimensional vector bundles over CP 3 by Atiyah 
and Rees [AtRej . Let Vect2(CP 3 ) be the set of complex 2-dimensional vector bundles over CP 3 
up to bundle isomorphisms. 

Theorem 5.1 (Atiyah- Rees) . There exist an injective map <f> : Vect 2 (CP 3 ) — > Z 2 ffiZffiZ such 
that </>(£) = (a(£), ci(£), C2(£))> where ci(£) and 02(C) are the first and the second Chern classes of 
£, and a(£) is a mod 2 element which is when ci(£) is odd. 

By Theorem 15. 1[ any clement in Vect2(CP 3 ) can be denoted by r)/ aciC2 \, where (a, 01,01) G 
Z2 © Z © Z such that a = (mod 2) when c\ = 1 (mod 2). The goal of this section is to classify 
the topological types of P{r]i aciC2 \) up to diffcomorphisms. 

Because P(T/(a,ci,c 2 )) i s diffeomorphic to P(^(a,ci,c 2 ) ® 7) f° r an y li ne bundle 7 over CP 3 by 
Lemma 12. 1[ we may assume ci <E {0,1}. Therefore, in order to classify all P{V(a,ci,cS) U P to 
diffcomorphisms, it is enough to classify the following: 

Mo (it) = P(t/( ,o,«)); 
Afi(«) = P(r/ ( i j0) „)); 

N{u) = P(V(Q,l,u)), 

where hgZ. In the following three lemmas, we classify the cohomology rings of the above three 
types of manifolds up to graded ring isomorphisms. 

Lemma 5.2. Two cohomology rings H*{M a (u)) and H*(N(u')) are not isomorphic for any 

u, u' G Z. 

Proof. By the Borel-Hirzebruch formula (|2.ip . we have ring isomorphisms 

H*(M a (u)) ~Z[A,F]/(A 4 , uX 2 + Y 2 ), and 
H*(N(u')) ~ 1[x 1 y]/(x i , u'x 2 + xy + y 2 ). 

Assume that there is an isomorphism map / : H*{M a {u)) — > H*{N{u')). Then we may put 

f(X) = ax + by, and 
/(F) = ex + dy, 

for some a, &, c, d G Z such that ad — be = e = ±1. By taking the inverse of /, we also have 

f- 1 (x)=deX-beY, and 
f- 1 (y) = -ceX + aeY. 



From the ring structures of H*(M a (u)) and H*(N(u')), we have f(uX 2 + Y 2 ) = and 
/ _1 (j/ 2 + xy + u'x 2 ) = 0. Therefore we have the following equations: 

(5.1) u{a 2 - u'b 2 ) + (c 2 - u'd 2 ) = 0; 

(5.2) u(2ab - b 2 ) + (2cd - d 2 ) = 0; 

(5.3) c 2 - a 2 u -cd + abu + u'd 2 - b 2 uu' = 0; 

(5.4) -2ac + cb + ad- 2bdu = 0. 
Because f~ 1 {x A ) = (dX — 6F) 4 = 0, we also have 

bd(d 2 - ub 2 ) = 0. 

Therefore bd = 0, or otherwise d 2 = ub 2 . We first assume bd = 0. Then, there are two cases: 6 = 
and d = 0. If b = 0, then |a| = \d\ = 1. However, by using (|5.2[) . we have 2c<i = 1. This gives a 
contradiction. If d = 0, then |6| = |c| = 1. By using (|5.4j) . we have c(— 2a + 6) = 0, i.e., b = 2a by 
|c| = 1. However, this contradicts to |6| = 1. Hence, bd =^ and d 2 = ub 2 , i.e., \d\ = \/\u\\b\. In 
this case, because ad — be = e = ±1, we have |6| = 1 and d 2 = u. Let b = e' = ±1 and d = y/ue", 
where e" = ±1. Then, it follows from ad — be = e that c = — ee' + ay / ue"e'. Therefore, by using 
(|5.1[) . we have the following equation: 

u(a 2 - u'b 2 ) + (c 2 - u'd 2 ) 
= u(a — u ) + (— ee +ay/ue e) —uu 
= 2ua 2 - 2uu + 1 - 2ay/uee" = 0. 

However, this gives the equation 1 = 2(— ua 2 + uu' + a^/uee"), which is a contradiction. Hence, 
H*(M a (u)) j± H*(N(u')) for all u, u' € Z. D 

Lemma 5.3. The following two statements are equivalent. 

(1) H*(M a {u)) ~ H*{M a ,(u')) where a, a' G {0, 1}. 

(2) u = u' e 1 

Proof. Because (2) =>■ (1) is trivial, it is enough to show (1) =>■ (2). Assume there is an 
isomorphism / : H* (M a (u)) ~ H*(M a i(u')) where 

i7*(A/ Q ( w ))~z[x,r]/(x 4 , M x 2 + y 2 ) ; 

H*(M a ,(u')) ~Z[x,y]/(x\ u'x 2 + y 2 ). 

We may use the same representation for / as in the proof of Lemma l5~2l Note that f(uX 2 +Y 2 ) = 
and f~ x {u'x 2 + y 2 ) = 0. By using the representation of /, we have the following equations: 

(5.5) ua 2 - uu'b 2 + c 2 - u'd 2 = 0; 

(5.6) uab + cd = 0: 

(5.7) u'd 2 - uu'b 2 + c 2 - a 2 u = 0; 

(5.8) u'bd + ac = 0. 
By (|5~5|) and (|5~7)) , we have 

(5.9) c 2 = 6V/; 

(5.10) ua 2 = u'd 2 . 
Because X 4 = 0, we also have that 



We first assume ab ^ 0. Then 



a6(a 2 - oV) = 0. 



a 2 = b 2 u' 



by this equation. Together with (|5.9[) and (|5.10[) . we have that 

2 12 j.4 / l2 2 i2j2 / 2 j2 

cO =buu=bau = bdu=ad. 

22 



This implies that 



(ad — bc)(ad + be) = e(ad + be) = 0. 

Hence, ad = —be. However this gives a contradiction because ad — be = lad = e = ±1. Con- 
sequently, we have ab = 0. Since ad — be = e, if a = then |6| = \c\ = 1; therefore, we have 
u = u' = ±1 by ([51)]> : if 6 = then |a| = \d\ = 1; therefore, we have u = u' by lpTTU|i . This 
establishes the statement. □ 



Lemma 5.4. The following two statements are equivalent. 

(1) H*(N(u))~H*(N(u')) 

(2) u = u' e Z 

Proof. Because (2) =>■ (1) is trivial, it is enough to show (1) 
isomorphism / : H*(N(u)) ~ H*(N(u')) where 



(2). Assume there is an 



H*{N{u)) ~ Z[X, F]/(A 4 , «I 2 + zy + Y 2 ); 



H*(N(u')) ~ Z[z, y]/(x 4 , uV + xy + y 2 ). 

Again, we use the same representation for / as in the proof of Lemma 

.xy + u'.x 2 ) = 0, we have that 
2 J2„ ,/ _ „ 2 , ,2 



XY + uX 2 ) =0 and /"Hy 2 

(5.11) 
(5.12) 
(5.13) 
(5.14) 



Because f(Y 2 



c~ — d z u' - —ua z + b uvl — ac + bdu'; 
led — d = —2abu + b u — ad — be + bd: 
u'd + b uv! + cd — bau: 



c 



a u 



-lac — a = 2bdu' + b v! — ad — be — ab. 



Because f(X 4 ) = and / 1 (x i ) = 0, there are the following two cases: 

(1) b = 0; 

(2) 6^0and4a 3 -6a 2 6+4a6 2 (l-u')+fo 3 (2u'-l) = -M 3 -6d 2 b-4db 2 (l-u)+b 3 (2u-l) = 0. 
If b = 0, then \a\ = \d\ = 1. Therefore, by (|5T2]) . 2c = d - a, i.e., c = if d = a or c = -a if 

d = —a. Because c 2 — u' = — u — ac by (|5.11|) . we have that u = u'. 

Assume b ^ 0. By the equation 4a 3 — 6a 2 b + 4a6 2 (l — v!) + 6 3 (2u' — 1) = 0, we have b is even. 
Substituting a = A + | for some A <G Z to this equation (i.e., Tschirnhaus's transformation), we 
have the following equation: 



4(A+-) 3 



Q{A+ b -) 2 b + A(A+ h -)b 2 {l 



i') + b 3 {2u'-l) 



4(A 3 

4A 3 
AA 3 



ZA 2b - + 3Aj + j)- 6(A 2 + Ab + h -)b + A{Ab 2 + b -){\ - u') + b 3 {2u' - 1) 



6A 2 b 



Ab z - AAYu 

2„,'\ 



b 3 % 3 

iA b 2 + - - 6A 2 b - 6Ab 2 - — 
2 2 

2„,' 



AAb 2 



2b 3 - AAb 2 v! - 2b 3 u' 



2b 3 u' - b 3 



= A{AA 2 + b z - b z u') = 

Therefore, there are the two cases: A — or A ^ 0. We first assume A ^ 0. Then, by using the 
equation AA 2 + b 2 — b 2 u' = 0, we have u' > 1. Now, there is the following commutative diagram: 



H 2 (N(u)) =ZX®ZY 

n 

H 2 {N{u')) =Zx®1y 



x 



ax+by 



ZX 2 ®ZXY = H 4 {N{u)) 

if 
Zx 2 ®Zxy = H 4 (N(u')) 



Because X and / are isomorphisms, so is ax + by in the diagram. Using the indicated generators 
as bases, the determinant of the map / o X : H 2 (N(u)) — > H 4 (N(u')) is equal to the determinant 
of the map (ax + by) o f : H 2 (N(u)) — > H 4 (N(u')), which is equal to 

2 i . 7 2 / 

a — ab + b u = e\ 
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(5.15) 



±1. 



Because a£Z, the discriminant of this equation satisfies 

b 2 - A{b 2 u' - ei) = & 2 (1 - Au') + 4ei > 



Because u' > 1, we have that 



< 6 2 < -if!- < 1. 
Au 1 - 1 



This gives a contradiction to 6 <G Z. Therefore, we have ^4 = 0, i.e., a = |. Because ad — be = 
e(= ±1), we also have that a = e' = ±1, 6 = 2e' and d — 2c = ee'. Hence, by (|5.15[) . we have 
— 1 + Au' = ei, i.e., u' = and ei = — 1. By applying a similar method to the one used to derive 
(J5.15P for f~ x (x), we have 

(5.16) d 2 +db + b 2 u = e 2 = ±1. 

Substituting (|5~15j) and (|57TS|> to ([5T3]) and (|5~T4)) . we have 

c 2 = ue\ — u'd 2 + cd = —u + cd: 

-2ac = ei + 26du' - ad - 6c = -1 - (d + 2c)e'. 

By using the second equation above, we also have d = — e'; therefore, by d — 2c = ee', we have 
c = ~ e "" = or — e'. If c = 0, then u = by the first equation above; if c = — e' then we also 
have u — by d — — e' and the first equation above. This implies that u = u' = for the case 
b^O. 

This establishes the statement. □ 

Therefore, by Theorem 15.11 and Lemma T5 .41 we have the following corollary. 

COROLLARY 5.5. The following three statements are equivalent. 

(1) Two spaces N(u) and N(u') arc diffcomorphic. 

(2) Two cohomology rings H*(N(u)) and H*(N(u')) are isomorphic. 

(3) u = u' e z. 

On the other hand, for M a {u) we have the following Proposition. 

Proposition 5.6. Assume u(u + 1)/12 e Z. The following two statements are equivalent. 

(1) Two spaces M a (u) and Mp(u') are diffeomorphic. 

(2) (a, it) = (/?,«') e 1 2 x Z. 

In order to prove Proposition 15.61 we first compute the 6-dimensional homotopy group of 
M a (u) in Proposition l5.8l Now M a (u) can be defined by the following pull-back diagram: 

Ma (u) ^EU(2)x u(2) CP 1 



CP 3 pa '" , BU{2) 

Let p : S 7 — > CP 3 be the canonical S rl -fibration and P(^q, u ) be the pull-back of M a {u) along 
p. Namely, we have the following diagram: 

(5.17) P(£ Q , U ) *M a (u) *EU(2) x u{2) CP 1 



S 7 P -^ CP 3 ^-^ BU(2) 

Then, we have the following lemma. 

Lemma 5.7. For * > 3, 7r«(P(£o, )U )) ~ 7r*(M a («)). 
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Proof. Because P(£, a . u ) is the pull-back of M a (u), the homotopy exact sequences of P(£ a ,u) 
and M a (u) satisfy the following commutative diagram: 



7T» + i(S 7 ) 



TT^CP 1 ) 



MP(Uu)) 



MS 7 ) 



-^TTfc-lOCP 1 ) 



TT^CP 1 ) 



■7T*(M a (u)) 



7T*(CP 3 ) 



■TT.-lCCP 1 ) 



7T, + 1 (CP 3 )- 

From the homotopy exact sequence of the fibration S 1 — > S 7 — > CP 3 , we have tt^,(S 7 ) ~ 7r*(CP 3 ) 
for * > 3. Therefore, by using the 5 lemma, we have the statement. □ 

Now we may prove the following proposition. 

Proposition 5.8. Assume u{u + 1)/12 e Z. The following two isomorphisms hold. 

(1) 7r 6 (P(£ Q , u )) ~ ir 6 (M a (u)) ~ Zia if a s u(u + 1)/12 (mod 2) 

(2) tt 6 (P(^,„)) ~ tt 6 (M^(u)) ~ Z 6 if /3 ^ u(u + 1)/12 (mod 2) 

Proof. We first claim the 1st statement. If u(u + 1)/12 <E Z and a = u(u + 1)/12 (mod 2), 
then it follows from jAtRej that £ Q .„ is induced from the rank 2 complex vector bundle over CP 4 . 
Namely, there is the following commutative diagram: 



(5.18) 



Sa,u 



' ^(0,0, u) 



H>a,t 



EU(2) 



-U(2) 



S 7 P —^ CP 3 ^ CP 4 



-*-BU{2) 



On the other hand, we have that ^(CP 4 ) ~ ttj(S 9 ) = {0}, by using the homotopy exact sequence 
for the fibration S 1 — > S 9 — > CP 4 . This implies that £ au is the trivial C 2 -bundle over S 7 . 
Therefore, 

P(Uu) = S 7 x CP 1 

when u(u + 1)/12 £ Z and a = u(u + 1)/12 (mod 2). Hence, we also have that 

x 6 (M a (u)) ~ ^ 6 (5 7 x CP 1 ) ~ ^(CP 1 ) ~ Zia. 

Next we claim the 2nd statement. Let /x a „ : CP 3 — \ BU(2) be a continuous map which 
induces the above ?7(ao,u)i an d /3 be the element in Z2 which is not equal to a. Let x G CP 3 
and s = fJ, a ,u(z) G BU{2) be base points. Take a disk neighborhood around a; <G CP 3 and pinch 
its boundary to a point, i.e., the boundary of D 6 c CP 3 pinches to a point, then we obtain the 
surjective map 

p : CP 3 -> CP 3 V S 6 , 

where CP 3 V 5 6 may be regarded as the wedge sum with respect to the base points x G CP 3 and 
y G S 6 . Due to theorem of Atiyah-Rees [AtRej . we have r)(8,o u) ^ V(a.o,u)- This implies that the 
vector bundle T)m o,u) i s induced from the following continuous map: 



(5.19) 



lifi, u : CP 3 — iU- CP 3 V S 6 
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BU{2) 



where v a = p a . u V k for the generator ft £ 7r 6 (P[/(2), s) ~ Z 2 o Hence, we have the following 
commutative diagram. 



(5.20) 



P(Zp,u) »■ M p (u) >■ EU(2) x u{2) CP 1 



S 7 



^-CP 3 



/-'.a. 




■*-BU(2) 



> 3 V S 6 

From the CP^fibrations CP 1 -► P(£/j,„) ->■ S 7 and CP 1 -► PC/(2) x u{2) CP 1 
in the above diagram (|5.20|) . there is the following commutative diagram. 



BT 2 



BU{2) 



7T 7 (S 7 )-Z' 



TTeCCP 1 ) 



T6(P(^,«)) 



7T 6 (5 7 ) = {0} 



^(CP 1 ) 



^ 6 (PT 2 ) = {0} tt 6 (BU(2)) ~ Z 2 



7r 7 (Prj(2)) ~ Zu - 

This diagram shows that the following exact sequence: 

(5.21) Z ~ ^ 7 (5 7 ) -> 7r 7 (B(7(2))(~ Zi 2 ) -»■ 7r 6 (P(fr,„)) -> {0}- 

In this diagram, the left homomorphism is induced from p :— p/3 M °P'- S 7 — > BU(2), say Ji# : Z — > 
Z12. We claim j5#(l) = [6] 12 G Z12. Because the diagram f|5.20[) is commutative, we may regard 
that p, := np.uop: S 7 —> BU{2) can be defined by passing through the map i/ a : CP 3 VS 6 —> BU(2), 
i.e., Jl = v a o po p. Because v a = p, a>u V ft, we also have 

V> = (Po,u V /c) o p o p = (/i Q ,„ o pop)\J (ko pop). 

By the argument when we proved the 1st statement, we see that p Q . u o p o p induces the trivial 
bundle over S 7 , i.e., p a ,u o p o p is homotopic to the trivial map. This also implies that there is 
the following decomposition up to homotopy: 



p:S 7J ^ CP 3 -A CP 3 VS 6 A5 6 A BU(2), 

where 7r is the collapsing map of CP 3 to a point. Therefore, we have the following decomposition 
for the induced map 



<>■# 



S 



12- 



M # : tt 7 (S 7 ) -A n 7 (S 6 ) ~ Z 2 ^ rr 7 (BU(2)) 

where the 1st map is induced from the surjective map \& = tv o p o p. Because \& is non trivial 
map, ^#(1) = [1]2 (the generator of n 7 (S 6 ) ~ Z 2 ). Moreover, because k £ tt 6 (BU(2)) ~ Z 2 is the 
generator, i.e., non-trivial map, we have ft#([l]2) = [6] 12 £ Z12. This shows that p#(l) = [6] 12; 
therefore, p # {n 7 {S 7 )) = {[0] 12 , [6]i 2 > C Z 12 . 

Consequently, by the exact sequence (J5.21J) . we have that 

7r 6 (P&5,„)) ~ Tr 7 (PP(2))//I # (7r 7 (5 7 )) ~ Zi a /{[0]ia, [6] 13} ~ Z 6 . 

By Lemma \5.7\ we have the statement. □ 

Remark 5.9. For example, the relation u(u + 1)/12 £ Z is true for the case when it = and 
u = 3. In these cases, by using Proposition 15.81 we have 



and 



7T 6 (M Q (0)) 



7T 6 (M Q (3)) 



Z12 
z 6 

z 6 
Z12 



for a = 
for a = 1 

for a = 
for a = 1 



This construction induces the free ng(BU(2)) 



: ms (17(2)) 
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: Z 2 action on KSp(CP 3 ) ~Z 2 ®Z (see lAtRel ). 



On the other hand, the case when u = 1 does not satisfy the relation u{u + 1)/12 <G Z. It 
follows from the cohomology ring of the flag manifold of type C (see e.g. |Bo) or [FIMj ) that the 
flag manifold Sp(2)/T 2 is one of this case, i.e., Mq(1) or M±(l). However, by using the homotopy 
exact sequence for the fibration T 2 — > Sp(2) — > Sp(2)/T 2 and the computation in |MiTo] . we 
have that 

ir 6 (Sp(2)/T 2 )~Tr 6 (Sp(2))=0. 

Therefore, Proposition 15.81 is not true for the case when u(u + 1)/12 ^ Z. 

Let us prove Proposition 15.61 



Proof of Proposition 15.61 By using Theorem 15. 1[ (2) =>• (1) is trivial. We prove (1) 
(2). Assume M a (u) S Mp(u'). If u ^ u', then H*{M a {u)) qk H*(M p {u')) by Lemma | 
Therefore, we have u = u' . By Proposition 15.81 Mo(u) ^ Mi(u). This implies that the statement 
(1) =>■ (2) in Proposition l5.6l This establishes Proposition l5.6l D 

Consequently, by Lemma 1531 and Proposition 15.61 we have the following corollary: 

Corollary 5.10. The set of 8-dimensional CP-towers docs not satisfy the cohomological 
rigidity. 

Note that if we restrict the class of 8-dimensional CP-towers to the 8-dimensional generalized 
Bott manifolds with height 2, then cohomological rigidity holds by [CMS10| . 
Using Corollary 15.51 and Proposition 15.61 we also have Theorem 11.31 
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